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Rotating Discs and Cylinders
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14.1 INTRODUCTION

There are machine elements which rotate while performing the required function.
These include flywheels, thin rings, circular discs, pulley rims, cylinders and
spherical shells, etc. Due to rotation, centrifugal forces act on these clements
which give rise to radial, circumferential and longitudinal stresses. In 2 thin
rotating ring, the variation of stresses along the thickness is negligible and can be
wored, In 4 disc of small axial width, the stress in the axial direction is assumed to be zero. The dym of
e rotating elements will be almost similar to the analysis of thick cy]iqders. A study of stresses in rotating
dements such as rings, discs and cylinders of solid and hollow sections is made in this chapter.

14.2 THIN ROTATING RING
n in the radial direction if the variation of stresses

A ring may be considered tl?i
along the thickness is negligibl 1d 2
about its centre of mass as shown 1n Fig. 14.1.
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664 O Strength of Materials

Let @ = angular velocity
r = mean radius
t = thickness of the ring

p = density of the material of the ring
Consider an element of the ring subtending an angle do at the centre at
an angle 6 with the x-axis.
Centrifugal force on the element/unit length
=[p(r-d@)t-1]r %

Vertical component of the force = pr? + dff - 1 - w* sin 0

Fig. 14.1

Total vertical force/unit length = _[:p r2-d@-t.w*sin 6
—p-r2.t-0?[ sin@-
=p-r°t a)jU sin 6 - d6

=p-rt-1-w*(—cosO)f =2p-r-1-@*

Let o, = Hoop stress induced in the ring

Then for equilibrium, o,20)-1=2p -1t &*
o,=p-rwt=p- v?

where » is the mean tangential velocity of the ring.

(14.1)

50 Example 14.1 II The rim of a rotating wheel is 1.2 m in diameter. Determine the limiting speed of the
P : wheel and the change in diameter if the maximum stress is not to exceed 130 MPa.
Density of the material is 7700 kg/m® and E = 205 GPa. Neglect the effect of spokes of the wheel. Treat the rim

to be thin.
Solution
Given Rim of a rotating wheel
d=12m o, = 130 N/mm? = 130 X 10° N/m?
p = 7700 kg/m* E =205 GPa
To find

— Limiting speed of wheel
— Change in diameter

r=12/2=0.6m
Limiting speed
0'0 i f). 1‘2 £U2

or 130 X 10% = 7700 X 0.6* X w?
or w=216.6rad/s or N= 210.62660 = 2068 rpm
Change in diameter 2n
Hoop strain, e= od f]

Bt 130
or bd=—2 d=—"—1 -

I3 205000><1200-0.76 mm

(Note the consistency of units in the two relations used)
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Rotating Discs and Cylinders <> 665

A flywheel with a moment of inertia of 300

al
n' ExamP|° 14 stress is not to exceed 6 MPa, find the
50 mm and the density of the material 7400 kg/m’, Neglect t

. kg m? rotates at 300 rpm. If the maximum
thickness of the rim, Take the width of the rim as
he effect of inertia of spokes,

'QW

en A flvw heel nm

= 300 kg m* 7o =6 N/mm? = 6 X 106 N/m?
p= 7400 kg m’ w=0.15m

N =300 rpm
o find Thickness of rim
— 27x300
60

Determination of outer radius
The stress is maximum at the outer radius 7

© =107 rad/s

Og=p- 1,0
. 6 x10°=7400 r? x (107)?

or r{? =().82 or PR 0.9m
Determination of thickness

As an approximation, initially assume some value of the mean radiu
085 m (a little less than 0.9 m). Then if 7 is the thickness,

Moment of inertia = [(27r - w - 1) p] 12
or 300 =27 X 0.85 X 0.15 X t X 7400) X 0.85%
or 1=0.07m

s and the radius of gyration. Let it be

Inner radius, r,=0.9~0.07 = 0.83 m and mean radius = OL-;(—)—Q =(0.865 m

: 2 2
Ik s the radius of gyration, k? = 0.97+0.83
2

L moment of inertia, /= mi or 300 = (27 X 0.865 X 0.15 X t X 7400) X 0,749
I 1=0,066m or 66 mm

which approximately satisfies the assumption of mean radius (865 mm) and outer radius (900 mm).

=(.749 m?

ii? Example 1 A bullt-up ring is made up of two materials. The outer ring is of steel and the inner one
PYeiiac3 || of copper. The diameter of the common surfaces is 800 mm. Each ring has a width of 30
"M and a thickness of 20 mm in the radial direction, The ring rotates at 1800 rpm. Find the stresses set up in

the stee| and the copper. E= 2E,; Density of steel = 7300 kg/m?; Density of copper = 9000 kg/m?,
s°'ﬂt10n

(J.]Ven 4 .
Abuilt-yp ring is made up of two materials

“ 800 mm (=20 mm
=30 mm N = 1800 rpm
£, 7300 kg/m? p, = 9000 kg/m’

Tlll] I". 21

(s

lld S : W "
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666 O Strength of Materials

Refer Fig, 14,2,

P‘.-d

‘
=

e

v
%m

{4——— 800 mm __.,‘

Fig. 14.2

r=400mm=04m; = 2E—’;—(;@9=607rmdls

Let p be the shrinkage pressure at the common surface at stand still.

Hoop stress due to shrinkage
In the steel ring = i’g = ’;82%0 20p (tensile)
(as in case of thin cylinder with internal pressmc)
B : In the copper ring = RAS0.S (oompressnve)
— 2x20 ’ :
(as in case of thin cylinder with external
Hoop stress due to rotation ‘

Insteel, @, = p - 2 @? = 7300(0.4 + 0.01)2 X (607)>
=436 X 10°N/m? or 43.6MPa
e ,Inﬁpvm 3= 900004 - 0.01)* X (607
: —a—‘486>~<11161*~1/m2 or 4&6 MP:
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Rotating Discs and Cylinders O 667
163 DISCOF UNIFORM THICKNESS

Consider a flat rotating disc of uniform thickness ¢ and having R_and R, as the
outer and the inner radii respectively, Let the angular speed of the disc be‘e.

For a disc of small axial width, it may be assumed that the stress in the axial
direction is zero,

For an element of the disc of unit thickness (Fig. 14.3), let

N0+ 89) (r+ 8- 80
(- 188 dyn?

Fig. 143

o = radial stress at the inner face at radius r of the element
_+ 8¢, = radial stress at the outer face at radius (r = ar) of the element

T =citcumfetcntial(hoop)stmssonmcndialfaca‘ . ‘ ke
Asthedisc:omw.letubethendialshiﬁaanunsminedndlmr,l.e.rbecamrfuaﬁermmg.
Shﬂuiy.u+8ubctheradialshiﬁaunmtinodndiusr+&.
 Rodial strain = creaseindr _u+du—u _ & i jhe fimit

or dr dr
- radial stress = E-%;or-w. (lu?" :
Increase in circumference _ 2X(r +u) - 2&r _ ¥ b
* Circumferential (hoop) strain = original circumference T 2&r r
+. circumferential stress = E’%*"%"“’t
or E-.wr(d’.—n’,)
e gl AT 59!.)+0-W
Differentiating it, E-‘;-—'(* v'ﬂr' =L s i St
From Egs. 142 and 143, R
S Wi el 7“_ {-‘._‘—_' i ] L 5_7 _____1-:' ot
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668 O Strength of Moteriols

o D= r (dd‘, _vda,)
1+v\ dr dr |
o For equilibrium of forces in radial direction, considering a unit length of element, ' .
Centrifugal force =mre? = [p(ré0) - 6r] r * (outward)y |
Radial force on inner face = o, (r - 66) (inward) =
Radial force on outer face = (¢, + 8o )(r + 8r) - 60 (outward) ‘

Radial components of tangential force = 20, - (6r-1) sin %59 =0, Or- 00 (inward)

For equilibrium, Net inward force = Net outward force

G,-r-86+0,r-80 — (0, + 080, )(r +8r)- 80 = p(rd8) - 6 - ra’ s
or 0'9-5r+0',r-(0',+50',)(r+5r)=pr2-5r‘(02 iy
Simplifying and taking limits,

Gy-dr+0,r—(0,r+0,dr+r-do,) = prie’-dr ATy

Ge-dr—adr—r-da)=pr2w2-dr : | i ]

e
Dmdmg by dr, the equilibrium equation is obtained, - Ty
r-do, et e LA
0y—0,— L — prla” e
r-do '
or G, —0g=— L — priw?

From Egs. 14.4 and 14.5,
; r (dog Vdo, __r-do,
B vl dr | dr
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Ratating Dises anag Cylinders > 669

2.0,)  A+v
M— ~~3—-pr ‘o' 2ar

dr
3.0, Y prtw? v A I
mﬁmiu& 9, /
A B l+v ria
- TR — —— - -
o SR (14.7)

this value in Fq. 14,0,
| s B 3+

A_:;-Tpr’mﬂvl o ==-—(I+V)pr 4 2A

B 3+v

o,---l-(l+v)pr‘w2+,4+_;* B 143y
2 r

priote A+ — -
rl

pria’ (14.8)

Equations 14.7 and 14.8 are the governing equations of a rotating dise of uniform thickness,

solid Disc

B i T :
ynﬂiddis% the stress at the centre, o, = A ~ o i,¢., infinite which is not possible,

+ Bhasto be zero.
| wxbathe outside diameter. Then at the outer surface, o7y =0,
| ItVoR?  or A=3—"'-"ipR2(;o2
 Therefore 0= A = e pRi@ g
" (149)
 This a,--?-'-;—pw’(R‘ ~r%)
* a0

o _’,g%—;[(a +VRE = (1 +3v)r?)

'U ’\ "r

o Lt T R R ,ﬂ'ir_,_v‘:‘ =
and at the outer surface,

-(),424¢

(i)

"-i\‘,'i
hown in Fig. 14.4:
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(i)
(i)
|
(from (i)]
) a g’.pﬂ)w priw?
£—,—_-..cs;+~v.)[x,=+ r-Ske (1413
8 r
; the values of constants 4 and B in Eq. 14.8,
: v 2 p2
yplgﬂ;’-[(a + v)(}?,2 + R? + fi;&] =1+ 3V)r2] (14.14)
', . 22
el i ) L i TR
dr r
RPRZ=r*=0 orat r=\[RR, (1459
R2R?
"ﬁ,’f'”f“v]
0
N3+ 16)
[ R = 2RR) = =25 p0? (R, - R (14
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Rotating Dises and Cylinders © 871

LA
:“’A"‘ A oy I
1A= VR + (34 VIR! | (14.17)

__po?
wall, 0 ,%{(3+V)R3] e, twice that for a solid disc. (14.18)

) 1R2
@q. v)(k,‘ + R}+£'}£f-] = (14 3v)R3]
L= - 0

GG+ VIERY R - (14 30)RY)

O
+]

B+ V2R + B+ V)R2 - (14 3v)R?)

| B+ V)R> + (1 - v)R?) o)

Axis of rotation
Stress (MPa)

DS 7""'.: )

A —— |~ (1+3v R2]= ®°*R?
B ] (1+3V)R? |=p

ed in Section 14.2.

is shown in Fig. 14.5. AT

| ," Fﬂﬂalﬂ:d uniform thickness and of 600-mm diameter rotates at 1800 rpm. Find the
mum stress developed in the disc. If a hole of 100-mm diameter is made at the
e maximum values of radial and hoop stresses. Density of the material of the

adial and hoop stresses when a hole of 100 mm is made

27 x 1800
60

= =60r rad/s

-

X 7700 x (607)* x 0.3° ..(Eq. 14.11)

-
[
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672 O Strength of Materials

Ity o 2 .(Eq. 14.15)
O, = Tpm (Ru 3 Rl)
= 3403 2200 x (607)2(0.3 - 0.05)? ...(Eq. 14.16)
=122.85 X 10° X 0.0625 = 7.05 X 10° N/m* or 7.05 MPa
Maximum hoop stress is at the inner radius, Qcta
2 o
°'e=&[(l'V)sz+(3+V)R3] ---(Eq. 14.17) &
4 ‘J; ~.%

2 @ 705 T
=W—O.B<fﬂ[(l—0.3)x0.052+(3+0.3) x 0.3%] Z —
=68.396 X 10° X 0.298 75 =20.43 X 10° N/m? AN
or 20.43 MPa 50 122.5 Radius 300

Figure 14.6 shows the maximum values of hoop and radial stresses. Fig. 14.6

. A solid disc of uniform thickness and having a diameter of 400 mm rotates ar 7500 rpm,
L Example 14.5 || Determine the radial and the hoop stresses at radii of 0, 50 mm, 100 mm, 150 mm and
200 mm. Density of the material is 7500 kg/m%. What are the maximum values of the radial, hoop and shear

stresses!?
Solution
Given A solid disc of uniform thickness
d =400 mm N =7500 rpm
p=7500 kg/m?
To find

— Radial and hoop stresses at 0, 50 mm, 100 mm, 150 mm and 200 mm
— maximum values of radial, hoop and shear stresses

)
R=200mm=0.2m: w:MO—O:QSUn rad/s

60
Radial stresses
3+v oIS
o-r:_g_pwz(R“— rs) ...(Eq. 14.9)
+0.25
5w X 7500 % (2507)(0.22 - 12)
= 1879.5 X 10° (0.04 — %) N/m?
= 1879.5(0.04 — 12) MPa
R (m) 0 0.05 0.1 0.15 0.2
. (MPa) 75.2 70.5 56.4 320 T
Hoop stresses
>
and Oo= : 2 2
= [B+V)R?— (1 +3v)r?) ...(Eq. 14.10)
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Rotating Discs ond Cylinders <5 673

= (3+025) %022~ (14+3x0257) " [T
'53.3 % 100(0.13 ~ 1.75¢%) N/m? gm ' NN |
§78.3(0.13 ~ 1.75/") MPa , NN
| 0.05 0.1 0.15 0.2 g 25 E
726 651 524 347 : ‘ \J

0 50 100 50 200
7 (mm) ———a

mmx:mum hoop stress = 75.2 MPa Fig. 14.7
any point are o, o, and zero (along axial

=37.6 MPa

_752-0
e

ses is shown in Fig, 14.7,

A thin disc of uniform thickness is of 800-mm outer diameter and 50-mm inner diameter.

= Pt rotates at 3000 rpm. Determine the radial and the hoop stresses at radii of 0,25 mm,
B ,,rmm,moo mm, 150 mm, 200 mm, 300 mm and 400 mm. Density of the material is 7800 kg/m? v = 0.25. What
-@m the maximum values of the radial, hoop and shear stresses?

Given A thin disc of uniform thickness
_ R;=0.025 m R,=04m N = 3000 rpm
e p = 7800 kg/m* v=0.25
~ Tofind
- — Radial and hoop stresses at 0, 25 mm, 50 mm, 100 mm, 150 mm, 200 mm, 300 mm and 400 mm
- — Maximum values of radial, hoop and shear stresses

[0 =w = 1007 rad/s
, 60
Radial stresses
2 22
| a,=-&(3+v) R2+R2—Mi—r2J ...(Eq. 14.13)
.'- 8 / g r*
2 2 2
_ 7800 x ;100::) G+ 0_25)(0. 0252 4 0,42 00257 X 047 _ ’EJ
S A
=312.750 x 10° (0.1606 - 0'()(2)(“ — r? ) N/m?
r
- 312.75(0.1606 B ] MPa
- . r
‘(‘“)\0 025 0.05 0.1 o015 02 0.3 0.4
% 0 36.94 43.97 41.8 36.94 21.73 0
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674 O Strength of Materials

Hoaop stresses
2 9 2 R:R? 2 l‘zl‘i
o,=9§—[(3+\')(R,‘+R,;+—'—:'—)a(IH\')r } (Eq :
2 . 0.025% x 0.4 1 2 |
_ 7800 x (100%) {(3+ 0'25)(0'0252 p0424 L5 X0E J —(143%0.25)r
0.0001
=06.23x10° [3.25(0.1606 s ) - 1.757'2}
"
R (m) 0.025 0.05 0.1 0.15 0.2 0.3 04
o, (MPa) 100.17 62.32 51.68 47.83 44 .28 35.42 2348
Maximum stresses 100
Maximum radial stress is at radius JR,.RG =/25x400=100mm — g0}
and is 43.97 MPa, S el \”
Maximum hoop stress = 100.17 MPz @ o
The principal stresses at the inner surface are 100.17 MPa, 0 and 0 % :
(along axial direction) 20¢ ‘ Or
. 100.17-0 0 : . : -
maximum shear stress = ——— = 50.09 MPa 25 100 200 300 400
2 r(mm) ——
The variation of stresses is shown in Fig. 14.8. Fig. 14.8

| disc of 400-mm outer diameter and |00-mm inside diameter is shrunk on
. Ex ; | A hollow stee
L gipledd:7 a steel shaft.The pressure between the disc and the shaft is 60 MPa. Determine the speed

of the disc at which it will loosen from the shaft neglecting the change in the dimensions of the shaft due to rota-
tion. p = 7700 kg/m?® and » = 0.3.

Solution

Given A hollow steel disc shrunk on a solid steel shaft

R,=0.05m R,=02m

p =60 MPa p= 17700 kg/m?

v=03
To find Speed of disc at which it will loosen from the shaft
At stand still

At stand still, the hollow disc on a shaft is similar to a hub on a solid shaft (Section 13.8)

e iy : - ; : and thus the hollow
steel disc is equivalent to a thick cylinder subjected to an internal pressure and thus the results of the same
may be used.

As the change in the dimensions of the shaft due to rot
steel disc is only to be considered.
Maximum stress is at the inner radius and is given by Eq. 13.20.
R’ +R? : :
0y= e & -p-=0'2 +0.05
RE-R? ™' 022-0.052

ation is to be neglected, the change in the hollow

X 60 =68 MPa

; . Opy— Vi
Hoop strain at the inner radius = omiadd = M = ?_(1
E E
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86

And the shrink allowance = 7 50)

The ghrink allowance 18 the difference of diameters before shrinking
When the disc rotates
Maximum hoop stress 1s at the inner radius,

pw’

e
_ 7700 X ?
e
= 1925w* (0.133 75) = 257.470* N/m? or 257.47 X 10 w? N/mm?

Radial stress is zero at the inner radius when the disc loosens.

Og—VO, _0p=0 _25747x10 %0

E E E
257.47 x 107 w?

Increase in inner radial distance at speed w for the disc = X 50
E

Op="——[1-VR*+(3+ V)R ..(Eq. 14.17)

[(1=0.3) X 0.05% + (3 +0.3) x 0.22]

Hoop strain at the inner radius =

Ifdisc is to be loosen
If the disc is to become loosen, the increase in inner radial distance at speed @ for the disc must be equal to

the shrink allowance,

=6 .2
ic. 25747 %107 w xsozﬁxso
E E
or w=5779rad/s or N= M:SSW pm

2

A hollow steel disc of 600-mm outer diameter and 200-mm inside diameter is shrunk on
@ Example 14.8 | a solid steel shaft. The shrinkage is | in 1000. Determine

(i) the stresses at stand still
(i) the speed at which shrink fit will loosen

(i) the maximum stress in the disc at that speed
(iv) the hoop stress in the disc at half the speed found in (ii)

p = 7600 kg/m? and » = 0.3, E = 205 GPa

Solution

Given A hollow steel disc shrunk on a solid steel shaft
R;’ =0.1m RE= 0.3m
p = 7600 kg/m’ =03
/R = 1/1000 F =205 GPa

To find

— Slresses at stand still

— Speed at which shrink fit loosen

— Maximum stress at that speed
;}l%\ps‘treﬂ at half speed
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676 O Strength of Materials

At stand still fand atlll e o
Let the shrinkage pressure between the dise and the shaft at stand ¢ P

|
Shrink allowance = 100 X —— = (0.1 mm

At stand still, the hollow disc acts similar to a thick cylinder 5“"1“'”"]"" “"C””;l I)H‘W}W (Refer
Section 13.9). If the change in dimensions of both, the shaft and the hollow disc are to be considered, th,

derived expression of Eq. 13.28 can be used directly.

2PRR, (Eq. 13.28
Shrinkage allowance (initial difference in radii) = W -(Bg. 15.28)
_ 2px100x 3002
o " 205000(3002-1002)
or p=91.1 MPa
Maximum hoop stress is at the inner radius and is given by Eq. 13.20.
B4R

2 2
=%2-‘-%'P=1-25p——»1.25><91.1=113.9MPa

When shrink fit loosen
When the disc rotates and the shrink fit loosens, radial pressure is zero and thus the radial stress is also zero,

2
agszw[(l_v)Rng(nv)Rg] ...(Eq. 14.17)

2
= 7600%[(1 =0.3)x 0.1+ (3+0.3)x 0.3? ]

=577.60°N/m?® or 577.6 x 107%w? N/mm?

and for the solid shaft,

I-v
0'9=Tpa)2R2 ...(Eq. 14.12)

1-03
= 0 X 7600 X @? % 0.12 = 13.3¢? N/m? or 13.3 X 1076 2 N/mm2

As radial strains are equal to hoop strains,
13.3x107° 0>

E

However, initially the radius of the solid shaft is more than the inner radius of disc by 0.1 mm. Therefore, the
inner radius of the disc must increase by 0.1 mm more relative to that of the solid shaft. Thus

X 100

Increase in inner radial distance at speed w for the solid shaft =

577.6 x 107 g2 13.3%107% 2
E ><100=——E——_><100+().1
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fort 1"“"""("i1-| ) BT7

(577.6 - 13.3)x10 *w?

_________205 200 — X 100 =0.)
(02 = 3(\3 :S:
of .
w ] , 0027 % 60)
w = 602.7 rad/s or A ¥, . 5756 rpm
o SITESSes i
Maxim Ty = 577.60% = 577.6 X 363 282

209.8 X 10° N/m?
_3+v

o, pr*(R(,—Ri): ...(Eq. 14.16)

_3+03

X 7600 x 363 282(0.3 — 0.1)2

=45.56 X 10°N/m?> or 45.56 MPa

Hoop stress at half speed
The hoop stress in the disc varies as square of speed.
Hoop stress at Zero speed = 113.9 MPa
Hoop stress at 602.7 rad/s = 209.8 MPa
hoop stress in the disc at half the speed

=113.9+(209.8-113.9)-( ) = 137.9 MPa

L
=

A hollow steel disc of 300-mm outer diameter and 100-mm inside diameter is shrunk on
I Example 14.9 oo . : ) : .
a hollow cast iron disc of 40-mm internal diameter. Determine the change in the shrink

fit pressure when the assembly rotates at 4800 rpm.
p, = 7700 kg/m? ; p ; = 7000 kg/m® and v = 0.3 for both, E, = 2€ .

Solution
Given A hollow steel disc on a hollow cast-iron disc
Steel disc: = 0.05m R =0.15m
Cast iron disc: R,. =0.02 m R =0.05m |
p.= 7700 kg/m’ p,, = 7000 kg/m’
r=03 Fi=2F"
N =4800 rpm
To find Change in shrink fit pressure
= 27 x 4800 1607
60

At stand still

Let the shrinkage pressure between the disc and the shaft at stand su.li be p. e s
At stand still. the hollow disc acts similar to a thick cylinder subjected to Internal pres: '
r )

the results of the same may be used. .
* For the outer disc, hoop stress at the inner radius (50 mm),

R.=0.05m and R = 0.15m
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= — . e e 2 1,25 0 MPa
%=Ri_g PToas-o0s [
. 125p+03p _155p

- el ‘ o I& E‘
isc, hoop stress is at the outer radius (50 mm),
m and R =0.05m

2, pl ( 2
GHR  __00524002% 5815 MPa

“R2 7= 0057 0.022

-1.381p+0.3p _-1.081p
- E; E;

-
L% ul
K-

i

pressure between the disc and the shaft be p’.
disc, hoop stress at 50 mm radius = 1.25p"  (as above)
Qﬁc,hoopﬂress at 50 mm radius = —1.381p’ (as above)

r .
disc at 50-mm radius, 0, = -"%[(1 ~V)R? +(3+V)R]] - (Eq. 14.17)

K ‘ 2
e .-.-77°°"f6°") [(1-0.3) X 0.05+ (34 0.3) X 0.15%]

. =36964 % 10°N/m* or 36964 MPa
For the inner disc at 50-mm radius,

-¢o=%ﬁ[(3+V)Rf+(l-V)R3] ..(Eq. 14.19)

2
P 000 "f“”" ((340.3) %0022 4+ (1 - 0.3) % 0,052

= 1357 £ 10°N/m*> or 1.357 MPa
. (1.25p" 4 36,964 « 10(’) +0.3p B 1.55p" 4 36.964 x 10"

/1

Hoop strain in outer disc

E, E,
, . ) ~1.381p"41.357210%) 4+ 0.3p"  ~1,081p’ #10°
i in disc = ( P > ) v 1.OB1 p +l-'i.357/< 10
‘el “ef

1.55p ~1.08lp _ 1.55p"+ 36,964 % 10° _ ~1.081p"+1.357 x 10"

£, E, L, E,
1.55p ~1.081p _155p"+36.964 x10° —1.081p"+1.357 «10°
2Ecl Ed 2E¢1 E ¢l
1.55p + 2(1,081p) = 1.55p" + 36,964 + 2(1,081p" ~ 1.357)
or 3712 p-p')=34.25
or p-p =922 MPa

-
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Rotating Discs and Cylinders O 687

14.5 DISC OF UNIFORM STRENGTH

Consider a flat rotating disc of uniform strength o at all radii

Taking o, =0, = o

Let 7 be the thickness at a radius » and 7 + &/ at a radius rt+or(Fig. 14.10)
Mass of element = p - 166 - 6+ ¢ -

Centrifugal force = (p - 180 - 6r « 1)rw? (Outward)
Radial force on inner face = a, (r-o0) (Inward)
Radial force on outer face = o(r + 6r) - 80 - (1 + o1) (Outward)

o(r+ 8 - 50 (t+ 60)
(p- ré8 - or- Hra?

Fig. 14.11

Radial components of tangential force = 20 - ér -1 sin %59 =0-0r-t-00 (Inward)
For equilibrium,
0-0r1-00+0-r-86-t—o(r+06r)-860(t+6t)=p-r’-80-6r-t- 0>
0-0r-t+0-r-t—0o(r+6r)(t+06t)=pr’ ér-t- w’
Simplifying and taking limits,
O-t-dr+o-r-t—c-rt—oc-r-dt—o-t-dr=priw*-t-dr

a.é'.:—p-wz-r-dr

4
D)
: w? r

Illtegratmg, logt=— P —2— + constant

VAR P @ rt/20 (14.30)
Let t=t atr=0,.. A=t
Thus =t .o~P 02 (14.31)

o0

@ ‘vaample 14.14" A_steam turbine rotor designed for u'niform strength o\f 70 MPa rotates at 3600 rpm. The
thickness of the rotor at the centre is 20 mm. Determine the thickness of the rotor at a

radius of 400 mm. Density of the material of the rotor is 7700 kg/m’.

Solution
Givep A turbine rotor
4,=20mm iy
N=3600 rpm A

P =7700 kg/m?
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688 O Strength of Materials

To find Thickness of rotor

Using Eq. 14.31,

=1 .p-p@r'l2c
t=t,-e"

2.2 2 2
where pOsT (2” X?’ﬁ(’o) w04 19507

2o X 2% 70 % 100
Thickness of rotor

t=1,- 12507 = 20 X ¢12507 = 5,726 mm

Example 14.15

The rotor disc of a turbine is of 800-mm diameter at the blade ring and is fixed 1o ,
| 60-mm diameter shaft. If the minimum thickness of the disc is to be 8 mm, find the thic|.
ness at the shaft for a uniform stress of 210 MPa at 7500 rpm. Density of the disc material is 7800 kg/m’.

Solution
Given A turbine rotor
o =210 MPa N =7500 rpm

p = 7800 kg/m? ¢ =8 mm at 0.4 m radius
To find Thickness of rotor at 0.03 m

The minimum thickness of the disc is at the tip at 0.4 m radius. Let 1 be the thickness of the disc at the shaft
at 0.03 m radius.

Now as f=TALT P 0kr /20
At 0.4 m radius
§— A.eg P @ 04/20 0
At 0.03 m radius
f= A.e P @ 00320 (ii)
Dividing (ii) and (i),
A.e P @ 00320 @*(0.16 — 0.0009) /2 0.1591p - w?/
. _ (016 ~ 0, o_ ; ‘w20
1=8x AP & 04120 =8 xeP =8x e 7P
2
1591 pw? 21 % 7500 0.1591
where RLIAPOZ 300 ( ) X ~1.8226
20 2% 210 % 10°
& t = 8e18226 = 49 5 mm
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6.6 SHEAR CENTRY

So far, the analysis for the shear Stresses
due 1o transverse loading was limied
o members having a vertical plane of
symmetry. The load is applied in hat
plane and the member is observed (o
bend in the plane of loading. Consider
channel with its web i the horizontal position
itis loaded through its vertical line of symmetry,
force is taken by two flanges only and web s '
e only a margh?al part of vertical shear force which AL
vertical for'ce in ea.ch .ﬂange is F/2. The transverse shear force in flanges will be negligible
;s;symmetncally distributed about the vertical line of symmetry in opposite directions.
can be transverse loading on thin-walled members which do not have vertical plane of
2a the channel is turned through 90°. Now, though the line of action of the loading may
ugh the centroid of the end section, the member is observed to bend and twist under the
/ the vertical shear force is taken by the web only and the vertical shear force taken by
: (Fig. 6.32b). The transverse shear force in the web is negligible but in the flanges they
d by horizontal forces in the upper and lower legs of the channel. In such cases, the

(c)
Fig. 6.32

¢ in or outside 2 section through which the shear force applied produces no torsion

ear centre coincides with the centroid.

a el the Sh (s . . ih 1
s emen, ar centre does not coineide with the centroid, though it

ne axis of symmetry, she

»f symmetry. | | it .
el ﬂiion shown in Fig. 6.334. Assuming uniform thickness ¢ of the web and flanges,

2 2
be3 ff z-tﬁ—-(/l +6b)
5) 12

' ! et form in the bracket)
""" I tt(l’)finertia of flanges about their axcs, i.c., neglecting the lnst;::l;l in

( Cnl ( A ) 7t "o ik 1),

lementary length dz of the flange at a distance 2 from thelle-?
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~ Fig.6.3
ko 5 s e O, 7 II-:I.I . ai}l-;l- .Es-{.-:—F—z—h-
ess in the elementary length, 7= ’ :"T- g 1 2 2

—

Fzh BEhE e
(t-d2)= = (z-dz)

LAY X TRy \.-;‘aa»x-'.*v“w"- N S <X‘ or o —
he € ents / 2 L b area=
the elementary length =7 - 21

S
 Fht¢b Fhe| 2] Faeb®

flang = — susE=A =l Vv 52
e & "'QIIGZ = 21 [ 2:[ 47 (‘0}

force F acts through the vertical axis of the web, no moments result from the vertical fores

‘moments give rise to a clockwise couple which can twist the cross-section of the channel

if the line of application of the vertical force F is displaced to the left at a distance e from the

1 axis of the web, the clockwise couple due to force in the flanges can be made 1o balance with the
Jockwise couple to external force F and vertical force in the web. i.e..

Fhtb? e .- Wi®  Ria
41 41 mPh+6b)12 h+6b
~ In case of an equal angle section, the principal axes are as shown in Fig. 6.33¢. As the shear forees due
to shear stresses in the two legs as well as the external forces intersect at a common point O, no resultst
w are obtained of any force and thus the point O is the shear centre.
| J_ . |e—40—>
[Cus} mﬁu Determine the position of the shear centre for an 80 | T
» mm by 40 mm outside by 5-mm thick channel section. i
Sduuui N |
Given A channel section as shown in Fig. 6.34 i I |
To find To locate shear centre _.'l_'. N SR, }' B
Refer Fig. 6.34, <] |
Moment of inertia about x-axis L |
i‘
sx80° [35xs° !
I~ +2[ +35%5%3 ‘] ——
7.5% | = 7062
12 B 706 250 mm* 75— T o
Fig. 6.34
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o in the flanges
_EX75x5X 37.5°
Y 4 x 706 250
Jocation of shear centre

ce of the shear centre from the centre line of the web, then for equilibrium,
"Fre=F, X2y or F:e=018668Fx2x375 or e=l4mm

= 0,186 68 I ...(Eq. 6.20)

4 la_ﬁm e= 3b2 = 3(375)2 -
the relation, € = 377 = 757 g3y 00 e——by—t— 1y
T [_; — A — —:J _f1
Locate the shear centre for the section shown in T 4
Fig. 6.35. T
Sdut‘on h - T--—.
An I-section as shown in Fig. 6.35 > <t
To find To locate shear centre f
Refer Fig. 6.36, L (e T e %ﬁ
Moment of inertia about x-axis l——bi——f—b— .
Fig. 6.35

_ |0 i (2]2
1= 2[ 7 +(b|+b2)12+(b1+b2)f1 >

. daz
part of flange at a distance 2 from gy 1

Consider an elementary length dz of the left
the tip.
Shear force in elementary length b4l 1 =l
12)y tnz) h Fzh
Shear stress in the elementary length, 7 = F X (—)X =F X -(—l—) X—=— F
tl nl 2 21 J
. Fzh Fhi _ielo
Shear force in the elementary length =7 X area= ="~ X (X dz) = 27 (z-dz) |
Py b pu [ 2T Fhn? !
T i = ————1 'z- dz= -—l ey = :
otal force in left part of flange, F; Y, Jo z2-dz=— [ 5 ]0 al ; T
. _y Fhtb3 =
Similarly, Total force in right part of flange, T = Fig. 6.36
Calculation for location of shear centre 100 —|<—60—|y
Taking moments of the shear forces about the web centre O, 1= T_+ — 20
2 2 \
Fhth
poo EBOBL BBy o T - b3)
411 41 41 I
2 8 — .T e
k42 2 N Sileip
2= el by) T
Example 6.15 ll Locate the shear centre for the section shown in y ! i iQC
Fig. 6.37. == =< K
Solution |[«—100—>— 60—
Fig. 6.37

Given Ap I-section as shown in Fig. 6.37
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29.45 mm
section shown in Fig. 6.38. rﬁ
. ~
t
5l e
h S
| ;
- ;
nge at a distance y =
Fig. 6.38
(h -2a+ y)
(h-2a+y)- tdy
Fta~
= E(% —4a)

1gth dz of the horizontal leg of the flange at a distance z from the right ¢

hear force in the clern. F
B — clementary length = 7 X area = ';7["‘(3 = g) +iz- gJ(t - dz)
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T —_— —
i | ‘
B -._._.}.*:i’.t..t? ........ .
t
L_m
-~ -
(©)
Fig. 6.39
Ft
! ]tdz Sl a((h—a)+hz)dz

il a b2 bHE K
. _|a 2 2 BT b
1[6 +— (h —2ah+a )+ 6 - 12}

=L [8a3 + 6ah? — 12a%h + 2b1* + 6bh% + 1]
S 12

-

2% 3 2
-, b(6ah> — 8a +3;: b) . (Fig. 6.39¢)
(8a> + 6ah® — 12a%h + 2bt” + 6bh™ + h")
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