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Introduction

Control engineering deals with the design (and implementation) of con-
trol systems using linear, time-invariant mathematical models represent-
ing actual physical nonlinear, time-varying systems with parameter un-
certainties in the presence of external disturbances.
Need for Control System
1. Power amplification
2. Remote control
3. Convenience of input form
4. Compensation from disturbances
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Introduction

Control system engineering is based on the foundations of feedback the-
ory and linear system analysis, and it integrates the concepts of net-
work theory and communication theory. Indeed, control engineering
is not limited to any engineering discipline but is equally applicable to
aerospace, agricultural, biomedical, chemical, civil, computer, industrial,
electrical, environmental, mechanical, and nuclear engineering. Many
aspects of control engineering can also be found in studies in systems
engineering.

The face of control engineering is rapidly changing. The coming age of
the Internet of Things (IoT) presents many intriguing challenges in
control system applications in the environment (think about more
efficient energy use in homes and businesses), manufacturing (think 3D
printing), consumer products, energy, medical devices and healthcare,
transportation (think about automated cars!), among many others
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Introduction about concepts of plant, system and
control system

What is a System?
A collection of physical, biological or abstract components which
together perform an intended objective
A system gives an output (also called response) for an input (also
called excitation)

System can be a collection of multiple sub-systems
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Introduction about concepts of plant, system and
control system

What is a Control?
The term control means to regulate, to direct or to command
Combining above two definitions
Control+System=Control System
A control system is defined as a combination of devices and
components connected or related so as to command, direct or regulate
itself or another system.
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Introduction about concepts of plant, system and
control system

The part of the system which is to be controlled is given different
names, for example, plant, controlled system, process, etc. The control
system designer develops a controller that will control the plant or the
controlled system.
Control systems are used in many applications, for example, the
control of temperature, liquid level, position, velocity, flow, pressure,
acceleration, etc.
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Difference between system and control system

A Fan without blades cannot be a SYSTEM, because it cannot provide
a desired/proper output i.e. airflow

A Fan with blades but without regulator can be a SYSTEM, because it
can provide a proper output i.e. airflow

A Fan with blades and with regulator can be a CONTROL SYSTEM,
because it can provide a Desired output. i.e. Controlled airflow

(BEC and Bapatla) Dr.N Rama Devi September 17, 2021 7 / 176



Introduction about concepts of plant, system and
control system

The basic components of a control system forming a control diagram are
shown in Figure. For easy understanding, consider room heating system
using steam flowing through pipes fitted in the room.
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Introduction about concepts of plant, system and
control system

The flow of steam through the pipes is regulated automatically by a
control valve. The amount of opening of the valve is regulated by a
servomotor. The servomotor, controlling the opening or closing of the
valve, works as a controller for amount of heating of the room. A tem-
perature sensor will measure the room temperature and will provide a
feedback signal for comparison in the comparator. A reference input is
provided to the comparator for the desired temperature. In case the
output temperature is different from the desired temperature, an error
signal will be generated to control the hot steam flow through the valve.
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Introduction about concepts of plant, system and
control system

The components shown in the diagram above are defined as follows:
1. Reference Input: This provides input signal for the desired output.
2. Error Detector: It is an element in which one system variable
(feedback signal) is subtracted from another variable (reference signal)
to obtain a third variable (error signal). It is also called comparator.
3. Feedback Element: Feedback signal is a function of the controlled
output which is compared with the reference signal to obtain the error
or the actuating signal. Feedback element measures the controlled
output, converts or transforms to a suitable value for comparison with
the reference input.
4. Error Signal: It is an algebraic sum of the reference input and the
feedback.

(BEC and Bapatla) Dr.N Rama Devi September 17, 2021 10 / 176



Introduction about concepts of plant, system and
control system

5. Controller: The controller is an element that is required to generate
the appropriate control signal. The controller operates until the error
between the controlled output and desired output is reduced to zero.
6. Controlled System: It is a body, a plant, a process or a machine of
which a particular condition is to be controlled, for example, a room
heating system, a spacecraft, reactor, boiler, CNC machine, etc.
7. Controlled Output: Controlled output is produced by the actuating
signal available as input to the controller. Controlled output is made
equal to the desired output with the help of the feedback system.
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Classification of control systems
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Examples for Open loop control systems

An actuator is a device employed by the control system to alter or
adjust the environment.
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Examples for Open loop control systems
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Examples for Open loop control systems
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Closed loop control systems

Definition:
A system in which the control action is somehow dependent on the
output is called as closed loop system

A sensor is a device that provides a measurement of a desired external
signal. For example, resistance temperature detectors (RTDs) are
sensors used to measure temperature.(BEC and Bapatla) Dr.N Rama Devi September 17, 2021 16 / 176



Closed loop control systems
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Advantages of OLCS

Simple in construction and design.

Economical.

Easy to maintain.

Generally stable.

Convenient to use as output is difficult to measure.
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Disadvantages of OLCS

They are inaccurate

They are unreliable

Any change in output cannot be corrected automatically.
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Advantages of CLCS

Closed loop control systems are more accurate even in the presence
of non-linearity.

Highly accurate as any error arising is corrected due to presence of
feedback signal.

Bandwidth range is large.

Facilitates automation.

The sensitivity of system may be made small to make system more
stable.

This system is less affected by noise.
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Disadvantages of CLCS

They are costlier.

They are complicated to design.

Required more maintenance.

Feedback leads to oscillatory response.

Overall gain is reduced due to presence of feedback.

Stability is the major problem and more care is needed to design a
stable closed loop system.
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Differences between OLCS and CLCS
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Differences between OLCS and CLCS
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Differences between OLCS and CLCS
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Classification of Control Systems

Based on the nature of systems, control systems is further classified
into linear and non-linear, static or dynamic, time variant or
time-invariant systems and causal or non-causal systems.
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Linear Control Systems

When an input X1 produces an output Y1 and an input X2 produces
an output Y2, then any combination aX1+bX2 should produce an
output aY1+bY2. In such case system is linear.
Therefore, linear systems are those where the principles of
superposition and proportionality are obeyed.
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Non-Linear Control Systems

Non-linear systems do not obey law of superposition.
The stability of non-linear systems depends on root location as well as
initial conditions and type of input.
Non-linear systems exhibit self sustained oscillations of fixed frequency.
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Example for Linear or Non-Linear systems
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Differences between Linear and Non-Linear control
systems
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Example for Static or Dynamic Control Systems
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Time varying and in-varying Control Systems

Systems whose parameters vary with time are called time varying
control systems.
When parameters do not vary with time are called Time Invariant
control systems.
The mass of missile/rocket reduces as fuel is burnt and hence the
parameter mass is time varying and the control system is time varying
type.

(BEC and Bapatla) Dr.N Rama Devi September 17, 2021 31 / 176



Example for Causal or Non-causal control systems
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Servomechanism, Regulator, Process control and
Disturbance signal

Servomechanism is an automatic control system in which the controlled
variable value is forced to follow the variations of reference value,
instead of regulating a variable value to “set point”. For example,
control of an industrial robot arm, a position control system, etc. It is
also called tracking control system.
Regulator is a feedback control system in which controlled variable is
maintained at a constant value inspite of external load on the plant.
Examples are regulation of steam supply in steam engine by fl y-ball
governor, thermostat control of home heating systems, regulation of
the voltage of an alternator.
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Servomechanism, Regulator, Process control and
Disturbance signal

Process control refers to control of such parameters as level, flow,
pressure, temperature and acidity of process variables.
Disturbance represents the undesired signals that tend to affect the
controlled system. Disturbance may be due to changes made in set
point, amplifi er noise, variation in load, wind power disturbing
outdoor installation, etc. Other disturbances that affect the
performance of the control system may be changes in parameters due
to wear, ageing, environmental effects,high frequency noise introduced
by the measurement sensors, etc. Sometimes disturbance signals may
be too fast for the control system to take care of. Low pass fi lters may
be used to take care of high frequency disturbance signals thereby
maintaining satisfactory performance of the control system.
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Feedback in control system and effect oF Feedback

Feedback control is now a basic feature of modern industry. In
present-day technological society, in order to utilize natural resources
optimally, some form of control is needed.
Control engineering is primarily concerned with controlling industrial
processes and natural resources, and forces of nature purposefully and
for the benefit of mankind.
Early machine and equipment used for control were primarily,
manually operated type, requiring frequent adjustment so as to
maintain and/or achieve the desired performance.
Advanced technology made revolutions in the procedure used for
system analysis and design.
Use of feedback in control systems brings in significant changes in
terms of improvement in overall gain, improvement in system stability,
reduction of sensitivity of the system to variations in system
parameters, and neutralizing or reducing the effect of disturbance
signals.
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Time varying control systems MODELLING A
CONTROL SYSTEM—TRANSFER FUNCTION
APPROACH

A control system consists of a number of sub-systems. All the
sub-systems work in unison to achieve a desired output for a given
input. Mathematical modelling of sub-systems and also of the whole
system is required for carrying out performance studies. So, modelling
of a control system using transfer function approach has been dealt
with. State space model as well.
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TRANSFER FUNCTION

The relationship between input and output of a linear, time-invariant
system is given by the transfer function.
Definition: The ratio of Laplace transform of the output to the Laplace
transform of the input under the assumption of zero initial conditions
is defined as Transfer Function.

(BEC and Bapatla) Dr.N Rama Devi September 17, 2021 37 / 176



Procedure For Determining the transfer Function of a
control system

Transfer function of any system can be determined through the
following steps:
Step 1: Formulate the mathematical equation for the system.
Step 2: Take the Laplace transform of the system equation assuming
all the initial conditions of the system as zero.
Step 3: Take the ratio of Laplace transform of the output to the
Laplace transform of the input.
Let us take an example. Let a system be described by the following
differential equation:
Step 1: We write the equation representing the system

5ÿ + 3ÿ + 2ẏ + y = 4ẍ+ 2ẋ+ x

where y is the system output and x is the system input.
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Procedure For Determining the transfer Function of a
control system

Step 2: Take the Laplace transform of above equation. By assuming all
the initial conditions as zero, we get(

5s3 + 3s2 + 2s+ 1
)
Y (s) =

(
4s2 + 2s+ 1

)
X(s)

Step 3: Take the ratio of Laplace transform of the output to the
Laplace transform of the input,

Transfer function, G(s) =
Y (s)

X(s)
=

4s2 + 2s+ 1

5s3 + 3s2 + 2s+ 1

After factorization of the numerator and the denominator of the
transfer function, the poles and zeros can be determined.
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Formulation of equations of Physical systems and their
transfer Functions

A physical system consists of a number of sub-systems connected
together to serve a specific purpose. For example a motor car as a
mechanical system, it has a number of sub-systems like ignition
sub-system, pneumatic sub-system, power transmission sub-system,
and so on. Similarly, electrical systems. mechanical systems, rotational
systems, translational systems, and so on.
For better understanding about the performance of a control system it
is convenient to develop mathematical models of such systems and
study and modify them for giving better performance. But, almost all
physical systems are non-linear to some extent due to that it may be
difficult to write exact mathematical equations for all systems.
Therefore, it is necessary to use the best possible linear approximation
to analyse such systems.
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Formulation of equations of Electrical Systems

A resistor, an inductor and a capacitor are the three basic elements of an
electric circuit. The circuit is analysed by the application of Kirchhoff’s
voltage and current laws.
The relationship that exists between voltage and the current flowing
through the circuit elements may be expressed as: For a resistive circuit,

v = iR ......(1.1)

Taking Laplace transform,

V (s) = RI(s) ......(1.2)

For a capacitive circuit, v = 1
C

∫ t
o idt ......(1.3)

(Considering initial conditions to be zero) Taking Laplace transform of
equation 1.3,

V (s) =
1

Cs
I(s) ......(1.4)
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Formulation of equations of Electrical Systems

For an inductive circuit,

v = L
di

dt
......(1.5)

Taking Laplace transform of equation 1.5,

V (s) = sLI(s) ......(1.6)

When these basic elements form an electrical circuit, mathematical for-
mulation is made by using Kirchhoff’s laws. The RLC circuit of Fig. is
analysed by Kirchhoff’s voltage law applied to the closed loop.
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Formulation of equations of Electrical Systems

The system equation is

e(t) = L
di

dt
+Ri+

1

C

∫
idt ......(1.7)

Now taking Laplace transform on both sides, we get

E(s) = Ls I(s) +RI(s) +
1

Cs
I(s) ......(1.8)

(assuming all initial conditions to be zero)

E(s) =

[
Ls+R+

1

Cs

]
I(s) ......(1.9)

E(s) =

[
LCs2 +RCs+ 1

Cs

]
I(s) ......(1.10)

Let the output voltage vo(t) be taken across the capacitor, C. Then,

vo(t) =
1

C

∫
idt ......(1.11)
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Formulation of equations of Electrical Systems

Taking Laplace transform on both sides of equation (1.11), we get

V0(s) =
1

Cs
I(s) ......(1.12)

(assuming all initial conditions to be zero) Therefore, the transfer func-
tion is given by

G(s) =
Vo(s)

E(s)
......(1.13)

=
1
Cs

(LCs2 +RCs+ 1)
· CsI(s)

I(s)

Transfer function, G(s) =
Vo(s)

E(s)
=

1

(LCs2 +RCs+ 1)
......(1.14)

The block diagram representation shown in Fig.
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Formulation of equations of Mechanical Systems

In analysis of mechanical systems use three idealized elements, namely,
inertial elements such as mass or moment of inertia, spring and a damper.
The inertial elements, i.e. mass and spring are capable of storing energy
while the damper is capable of dissipating energy. A damper is often
referred to as mechanical resistance. A mechanical system may have
either purely translational motion or purely rotational motion.
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Formulation of equations of Mechanical Systems

The equations of motion are generally formulated using Newton’s laws of
motion. In pure translational systems, motion is considered to take place
in straight lines. Therefore, the variables-force, displacement, velocity
and acceleration-are aligned in a straight line. If a mass m moves in a
straight line with x as its position at any time with reference to a fixed
reference axis, then by applying Newton’s laws of motion, the force F
acting upon it may be expressed as

Force = Mass × Acceleration; i.e. F = m
d2x

dt2
= mẍ ......(1.15)

Again, if a mass m is moving with a velocity v, it will have a stored
translational energy of 1/2mv2. This provides us with an idea that mass
is an energy storing device.
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Formulation of equations of Mechanical Systems

A spring, when acted upon by a force, gets stressed. For a linear spring,
the deformation produced is directly proportional to the magnitude of
the applied force. The equation describing the relationship of F and x
for a linear spring is

F = Kx ......(1.16)

where F is the force exerted on the spring, x is the deformation of the
spring, and K is the stiffness coefficient of the spring.
A spring is usually represented by a coil. A spring is compressed or
elongated by an amount x due to a force F .
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Formulation of equations of Mechanical Systems

A damper is generally represented by a piston in a cylinder. A damper
produces resistance velocity which is often termed as friction. In a fluid
medium this friction is due to the viscosity. When the force due to
friction is proportional to relative velocity, the friction is known as linear
friction. The relationship of forces in a linear damper is given by

f(t) = B
dx

dt
= Bẋ ......(1.17)

where f(t) is the damping (resisting) force due to relative velocity ẋ
between two movable parts and B is the coefficient of viscous friction.
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Formulation of equations of Mechanical Systems

Rotation about a fixed axis takes place in a purely rotational system.
The elements are moment of inertia, that is, rotational mass, torsional
spring and damping. Moment of inertia is expressed as J. The
governing equation relating angular velocity ω with applied torque T ,
according to Newton’s second law of motion, is

T = Jω

= J
d2θ

dt2
= Jθ̈ ......(1.18A)
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Formulation of equations of translational mechanical
system

Mechanical elements which experience deformation due to applied torque
may be considered rotational spring like a long shaft, helical spring,
and so on. The relationship of torque T and angular displacement θ is
expressed as

T = Kθ ......(1.18B)
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Formulation of equations of translational mechanical
system

The mass of the system is M (the unit of M is kg ). The displacement
of mass due to applied force f(t) (the unit of force is Newton) results
in inertia force. This inertia force is the product of the mass and its
acceleration. The spring deflection constant is K Newton/metre. The
restoring force fK for the spring is proportional to its displacement.
The viscous damping in the system is offered by a dashpot damper. The
damping force varies in direct proportion to the velocity. The coefficient
of viscous damping is B Newton /rad/sec.
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Formulation of equations of translational Mechanical
Systems

Application of force f(t) to the mass results in a displacement of x metre.
The equation of motion for the system is obtained by applying Newton’s
Second law of Motion.

Inertia force = mass × acceleration = M d2x
dt2

...... (1.19)

Applied force = Inertia force + Damping force + Restoring force by
the spring ...... (1.20)

f(t) = M d2x
dt2

+B dx
dt +Kx ......(1.21)

Rearranging equation, the following equation is obtained

M
d2x

dt2
+B

dx

dt
+Kx = f(t) ......(1.22)
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Formulation of equations of translational Mechanical
Systems

Taking Laplace transform on both sides and assuming all initial condi-
tions to be zero,

Ms2X(s) +BsX(s) +KX(s) = F (s) ......(1.23)[
Ms2 +Bs+K

]
X(s) = F (s) ......(1.23A)

Transfer function, G(s) = X(s)
F (s) = 1

Ms2+Bs+K
......(1.23B)
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Formulation of equations of Rotational Systems

Let T be the applied torque which tends to rotate the disc. The three
basic components of the rotational system are moment of inertia, viscous
friction, and spring stiffness (torsional). The system equation can be
written using the relation,

Applied Torque = Inertia torque + Damping torque + Angular
displacement ...... (1.24)

Inertia Torque = Moment of Inertia × Angular acceleration = J d
2θ
dt2

...... (1.25)

Thus, T = J d
2θ
dt2

+B dθ
dt +Kθ ...... (1.26)
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Formulation of equations of Rotational Systems

The equivalent circuit diagram of the mechanical system is shown in
Fig.

Taking Laplace transform on both sides of torque equation and
assuming all initial conditions as zero,

T (s) = Js2θ(s) +Bsθ(s) +Kθ(s) ...... (1.27)

T (s) =
(
Js2 +Bs+K

)
θ(s) ...... (1.28)

Transfer function, G(s) = θ(s)
T (s) = 1

Js2+Bs+K
...... (1.29)
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Analogies of mechanical and electrical systems

Sometimes mechanical and other systems are converted into electrical
analogous systems for the ease of design, modification and analysis.
Analogous systems have the same type of differential equations. We
will discuss two types of analogies, namely, force-voltage analogy and
force-current analogy.
Force-Voltage Analogy
The mathematical representation of mechanical system is

M
d2x

dt2
+B

dx

dt
+Kx = f(t) ......(1.30)

The analogy of this equation can be established by the voltage equa-
tion of a RLC electrical circuit. The voltage equation for the circuit is
established as follows:

L
di

dt
+Ri+

1

C

∫
idt = e(t) ......(1.31)
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Analogies of mechanical and electrical systems

Electrical circuit for force-voltage analogy
As the current is the rate of flow of electric charge, i = dq

dt . Thus, the
equation becomes

L
d2q

dt
+R

dq

dt
+

1

C
q = e(t) ......(1.32)

It is observed that equation ( 1.29 ) is analogous to equation (1.32). The
three equations, namely, i) the equation for the mechanical translational
system represented by mass, spring and damper; ii) the mechanical ro-
tational system represented by moment of i and stiffness; and iii) the
electrical system of inductance, resistance, and capacitance placed to-
gether as
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Force-Voltage Analogy

M
d2x

dt2
+B

dx

dt
+Kx = f(t) ......(1.33)

J
d2θ

dt2
+B

dθ

dt
+Kθ = T ......(1.34)

L
d2q

dt2
+R

dq

dt
+

1

C
q = e(t) ......(1.35)

From the above three equations, the analogies between the mechanical
translation, mechanical rotational, and electrical system are established
and shown in Table below.
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Force-Voltage Analogy

In mechanical system, f(t) is the force applied whereas in electrical sys-
tem, e(t) is the voltage applied. This is the reason for which the analogy
is called force-voltage analogy. In rotational system, force is replaced by
torque.
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Force–current Analogy

Applying Kirchhoff’s current law in the L-R-C parallel circuit shown in
Figure, we can write

iL + ic + iR = i(t) ......(1.36)

we know that the emf induced in an inductor is e = Ldi
dt ; Current through

the inductor is, iL = 1
L

∫
edt and the charge on a capacitor is q =

∫
icdt

and
q = Ce

∴
∫
icdt = Ce
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Force–current Analogy

Current through the capacitor ic is, therefore, Also,

ic = C
de

dt

iRR = e, iR =
1

R
e

iL =
1

L

∫
edt; iR =

1

R
e; ic = C

de

dt

Substituting the values of iL, iR and ic in equation ( 1.36), we get

1

L

∫
edt+ C

de

dt
+

1

R
e = i(t) ......(1.37)

In terms of flux linkage, ψ the above equation can be represented by
putt in e = dψ

dt where ψ = Nϕ, i.e. the flux linkage Equation ( 1.37 )
becomes,
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Force–current Analogy

1

L
ψ +

1

R

dψ

dt
+ C

d2ψ

dt2
= i(t)

[
∵
∫
edt = ψ

}
......(1.38)

Rearranging, we get

C
d2ψ

dt2
+

1

R

dψ

dt
+

1

L
ψ = i(t) ......(1.39)

The above equation 1.39 is compared with the equation 1.33 and 1.34
The analogies between the mechanical translation, mechanical rotational,
and electrical system are established and shown in Table below.
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Hydraulic system

Let us determine the transfer function of a typical hydraulic system. A
hydraulic system works due to liquid pressure difference.
A dashpot (or damper) is shown in Figure. Whenever a step displace-
ment, x is applied to the piston, a corresponding displacement y becomes
momentarily equal to x. The applied force will make oil to flow through
the restriction R and the cylinder will return to its original position.

Assuming inertia force to be a negligible, the forces balancing are repre-
sented as A (p1 − p2) = ky . . . (2.19) where A is the piston area, k is the
spring constant and p1, p2 are the oil pressure existing on the right and
left side of the piston.
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Hydraulic system

The flow rate q through the restriction with resistance R is given by

q =
p1 − p2

R

The oil is assumed to be incompressible (so oil density ρ = constant).
As the mass of oil flow through the restriction in time dt must balance
with the change in mass of the left side of the piston, we have

qdt = Aρ(dx− dy)

Rearranging and using equations (2.19) and (2.20), we obtain or,

dx

dt
− dy

dt
=

q

Aρ
=
p1 − p2

RAρ
=

ky

RA2ρ

dx

dt
=
dy

dt
+

ky

RA2ρ
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Hydraulic system

Taking Laplace transform with zero initial conditions, we get

sX(s) = sY (s) +
k

RA2ρ
Y (s)

So, the transfer function of the system becomes

G(s) =
Y (s)

X(s)
=

s

s+ k
RA2ρ

=
s

s+ 1
τ

=
τs

1 + τs

where τ = RA2ρ
k , τ is called the time constant.
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Pneumatic System

A pneumatic system works due to the pressure difference of air or any
other gas. We shall consider a simple pneumatic system with an actu-
ating valve as shown in Figure.

Air at a pressure, pi is injected through the input manifold. The plunger
arrangement has a mass M,B and K being the coefficients of viscous
friction and spring constant respectively. If A is the area of diaphragm,
then the force exerted on the system will be Apr Force F = Pressure ×
Area that is,
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Pneumatic System

F = piA = Api

F = M
d2y

dt2
+B

dy

dt
+ ky

Again, ∴

M
d2y

dt2
+B

dy

dt
+Ky = APi

Taking Laplace transform of both sides and assuming initial conditions
to be zero, we get

Ms2Y (s) +BsY (s) +KY (s) = APi(s)

The transfer function is

Transfer function, G(s) =
Y (s)

Pi(s)
=

A

Ms2 +Bs+K
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Thermal System

Figure shows a water heating system (a thermal system) where input
water temperature is θi and output water temperature is θ0

The following assumptions are made to analyse the thermal system and
determine its transfer function.
i) The temperature of the medium is uniform
ii) The tank is insulated from the surrounding atmosphere.
Let the steady state temperature of inflowing water is θi and that of
outflowing water is θ0. The steady state heat input rate from the heater
is Q. Let the water flow rate be constant. Any increase in heat input
rate, ∆H will be balanced by increase in heat outflow rate, ∆H1 and
heat storage rate in the tank, ∆H2.
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Thermal System

Using heat balance equation, we can write

∆H = ∆H1 + ∆H2

∆H1 = QS∆θ0

where Q is water flow rate and S is the specific heat

∆H1 =
∆θ0

R

where R = 1
QS , is called the thermal resistance Heat storage rate in the

tank,

∆H2 = MS
d

dt
(∆θ0)

= C
d

dt
(∆θ0)

where M is the mass of water in the tank; C = MS, is the thermal
capacitance of water and d(∆θ0)

dt is the rate of rise of temperature of
water in the tank. Now from equations (2.23), (2.24) and (2.25) we can
write,

∆H =
∆θ0

R
+ C

d

dt
(∆θ0)

In Laplace transform form, the quantities can be expressed as,

H(s) =
1

R
θ0(s) + Csθ0(s)

H(s) =

[
RCs+ 1

R

]
θ0(s)

Transfer function, G(s) =
θ0(s)

H(s)
=

R

RCs+ 1
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Problems

Prob1: Obtain the transfer function of the mechanical system shown in
Fig. and draw its analogous circuit.
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(BEC and Bapatla) Dr.N Rama Devi September 17, 2021 78 / 176



Problems

Prob2: Draw the mechanical network for the system shown in Fig and
draw its analogous circuit.
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Problems

Prob3: Draw the mechanical network for the system shown in Fig and
draw its analogous circuit.
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Problem3

Home Work
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Problems

Prob4: Using force–voltage analogy and force–current analogy draw
the equivalent analogous system for the system shown in Figure.
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Problem4
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Problem4
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Ture/False Questions

Q.1 State whether the following statements are True or False.

i Feedback control systems are also referred to as closed-loop control
systems

ii A washing machine where the washing is done on a time basis
through a timer is an example of closed-loop control system

iii In an open-loop the control operation is independent of the output

iv In an error detector the feedback signal is added with the reference
signal to obtain error signal

v A refrigerator is an example of closed-loop control system

vi Performance of an open-loop system depends on the settings of the
system components

vii Fixed-time traffi c light control system is an example of closed-loop
control system
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Ture/False Questions

viii In a linear system the response produced by simultaneous action
of two different forcing functions is the difference of individual re-
sponses

ix In stochastic control system the response is not predictable and
repeatable

x Servomechanism is an automatic control system

xi An open-loop system is a system without feedback

xii A control system is an interconnection of components forming a
system configuration that provides a desired system response

xiii A closed-loop control system uses a measurement of the output and
compares it with the desired input (reference or command)

xiv A negative feedback control system is the one where the output
signal is fed back so that it is added to the input signal
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Fill in the blanks

Q.l Complete the following sentences.

i) The transfer function of a linear system is defined as the ratio of the
of the output variable to the of the input variable

ii) Transfer function of an integrating circuit is G(s) =

iii) Transfer function of a differentiating circuit isG(s) =

iv) First step in determining the transfer function of a control system is
to formulate the for the system
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Fill in the blanks

v) If the transfer function of a system is known, we can determine the
behaviour of the system for to understand the nature of sys-
tem

vi) A system is described by the differential equation 4ÿ + 2ẏ + y =
5
...
x + 3ẍ + 2ẋ + x, where x is the system output and y is the system

input. The transfer function of the system is

vii) Transfer function of a mechanical system having mass, spring and
damper is calculated as G(s) =
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Multiple Choice Questions

Q.2 A closed-loop control system can be defined as

a system that directly generates the output in response to an input
signal

b system with a measurement of the output signal and a comparison
with the desired output to generate an error signal that is applied
to the actuator

c an interconnection of components forming a system configuration
that will provide a desired response, the output having no effect
upon the signal to the process

d a system that utilises a device to control the process without using
feedback
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Multiple Choice Questions

Q.3 In a multivariable control system there is

a more than one input variable but one unique output

b one input variable but variable outputs

c more than one input variable or more than one output variable

d more than one input variable and more than one output variable
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Multiple Choice Questions

Q.4 A negative feedback control system is the one where

a the output signal is fed back as it subtracts from the input signal
to provide desired response

b the output signal is fed back so that it adds to the input signal to
reduce the output

c the input signal is reduced so as to reduce the output when it is
more than the desired value

d control of the process is achieved without using any feedback
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Modeling of Electronics Amplifiers

Operational amplifiers, often called op amps, are frequently used to
amplify signals in sensor circuits. Op amps are also frequently used in
filters used for compensation purposes. Figure shows an op amp. It is a
common practice to choose the ground as 0 volt and measure the input
voltages e1 and e2 relative to the ground. The input e1 to the minus
terminal of the amplifier is inverted, and the input e2 to the plus
terminal is not inverted.The total input to the amplifier thus becomes
e2-e1.

eo = K (e2 − e1) = −K (e1 − e2)

where the inputs e1 and e2 may be dc or ac signals and K is the
differential gain (voltage gain).
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Modeling of Electronics Amplifiers

Note that the op amp amplifies the difference in voltages e1 and e2.
Such an amplifier is commonly called a differential amplifier. Since the
gain of the op amp is very high, it is necessary to have a negative
feedback from the output to the input to make the amplifier stable.
(The feedback is made from the output to the inverted input so that
the feedback is a negative feedback.) In the ideal op amp, no current
flows into the input terminals, and the output voltage is not affected
by the load connected to the output terminal. In other words, the
input impedance is infinity and the output impedance is zero. In an
actual op amp, a very small (almost negligible) current flows into an
input terminal and the output cannot be loaded too much. In our
analysis here, we make the assumption that the op amps are ideal.
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Inverting Amplifier

Consider the operational-amplifier circuit shown in Figure.

Let us obtain the output voltage eo. The equation for this circuit can
be obtained as follows: Define

i1 =
ei − e′

R1
, i2 =

e′ − eo
R2

Since only a negligible current flows into the amplifier, the current i1
must be equal to current i2. Thus

ei − e′

R1
=
e′ − eo
R2
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Inverting Amplifier

Since K (0 − e′) = e0 and K > 1, e′ must be almost zero, or e′
.
= 0.

Hence we have
ei
R1

=
−eo
R2

or

ee = −R2

R1
ei

Thus the circuit shown is an inverting amplifier. If R1 = R2, then the
op-amp circuit shown acts as a sign inverter.
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Noninverting Amplifier

Figure a shows a noninverting amplifier. A circuit equivalent to this
one is shown in Figure b. For the circuit of Figure b, we have

eo = K

(
ei −

R1

R1 +R2
ee

)
where K is the differential gain of the amplifier. From this last
equation, we get

ei =

(
R1

R1 +R2
+

1

K

)
eo

Since K > 1, if R1/ (R1 +R2) > 1/K, then

ee =

(
1 +

R2

R1

)
ei

This equation gives the output voltage eo. Since eo and ei have the
same signs, the op-amp circuit shown in Figure 3 − 15(a) is
noninverting.

(BEC and Bapatla) Dr.N Rama Devi September 17, 2021 108 / 176



Problem

Figure shows an electrical circuit involving an operational amplifier.
Obtain the transfer function.
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Problem
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BLOCK DIAGRAM REPRESENTATION

Any control system will have a number of control components. A
control system can be represented in block diagram form.

For making a block diagram, first the transfer function of the system
components are determined. They are then showed in respective
blocks. These blocks are connected by arrows indicating the direc-
tion of flow of signals in the control system whose block diagram
is being represented. The signals can pass only in the direction of
arrows represented in the diagram.

The arrow head pointing towards a particular block indicates the
input to the system component and the arrow head leading away
from the block indicates the output. All the arrows in a block
diagram are referred to as signals.
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ADVANTAGES OF BLOCK DIAGRAM
REPRESENTATION

The following are the main advantages of block diagram representation
of control systems.

The overall block diagram of a system can be easily drawn by con-
necting the blocks according to the signal flow. It is also possible
to evaluate the contribution of each of the components towards the
overall performance of the control system.

Block diagram helps in understanding the functional operation of
the system more readily than examination of the actual control
system physically. It may be noted that a block diagram drawn for
a system is not unique, that is, there may be alternative ways of
representation of a system in block diagram form.
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BLOCK DIAGRAM REPRESENTATION

As introduced earlier, the input-output behaviour of a linear system or
element of a linear system is given by its transfer function

G(s) =
C(s)

R(s)

where R(s) = Laplace transformation of the input variable; and C(s) =
Laplace transform of the output variable.
A convenient graphical representation of this behaviour is the block
diagram as shown in Fig (a) wherein the signal into the block
represents the input R(s) and the signal out of the block represents the
output C(s), while the block itself stands for the transfer function
G(s). The flow of information (signal) is unidirectional from the input
to the output with the output being equal to the input multiplied by
the transfer function of the block.
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BLOCK DIAGRAM REPRESENTATION

A complex system comprising of several non-loading elements is
represented by the interconnection of the blocks for individual
elements. The blocks are connected by lines with arrows indicating the
unidirectional flow of information from the output of one block to the
input of the other. In addition to this, summing or differencing of
signals is indicated by the symbols shown in Fig (b), while the take-off
point of a signal is represented by Fig(c).
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BLOCK DIAGRAM OF A CLOSED-LOOP SYSTEM
AND ITS TRANSFER FUNCTION

The basic block diagram representation of a unity feedback control
system has been shown

When the output is fed back to the summing point for comparison with
the input to create an error signal, it is necessary to convert the form of
the output signal to that of the input signal. The quantities being added
or subtracted at the summing point should have the same dimensions
and therefore, should have the same units. The conversion of a fraction of
output signal on feedback path is done by the feedback element whose
transfer function is H(s). The feedback element modifies the output
before it is compared with the input signal.
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BLOCK DIAGRAM OF A CLOSED-LOOP SYSTEM
AND ITS TRANSFER FUNCTION

Fig. shows the standard form of representation of a feedback control
system in block diagram form. Here a fraction of output B(s) = C(s)
H(s) is brought to the summing point thereby producing an error signal.
This block diagram is also called the canonical form of representation of
a control system. G(s) is the system transfer function.

Referring to Fig we can write, E(s) = R(s) −B(s)
B(s) = H(s)C(s) and C(s) = E(s)G(s)
∴ E(s) = R(s) −H(s)C(s) or, R(s) = E(s) +H(s)C(s)
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BLOCK DIAGRAM OF A CLOSED-LOOP SYSTEM
AND ITS TRANSFER FUNCTION

R(s) = E(s)+H(s)E(s)G(s) Therefore, the closed loop transfer function
is

C(s)

R(s)
=

E(s)G(s)

E(s) +H(s)G(s)E(s)

=
G(s)

1 +G(s)H(s)

Transfer function,
C(s)

R(s)
=

G(s)

1 +G(s)H(s)

The above function is the closed loop transfer function for negative fecd-
back.
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BLOCK DIAGRAM OF A CLOSED-LOOP SYSTEM
AND ITS TRANSFER FUNCTION

The transfer function for a closed loop system with positive feedback is
given by

C(s)

R(s)
=

G(s)

1 −G(s)H(s)

This is because, the error signal for positive feedback will be, E(s) =
R(s) + B(s). For a unity fecdback control system, H(s) = 1. The
transfer function for a unity focdback system is

C(s)

R(s)
=

G(s)

1 ±G(s)

where plus sign in the denominator stands for negative feedback.
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BLOCK DIAGRAM REPRESENTATION OF
COMPONENTS OF A SERVOMECHANISM

A servomechanism, also called a position control system, is a feedback
control system and consists of a mechanism in which the output of the
system may be some mechanical position, velocity or acceleration. Ser-
vomechanism and position control systems are synonymous. In almost
all servomechanism applications d.c. motor drives and gear mechanism
are used.
In servo applications, a DC motor is required to produce rapid acceler-
ation from stand still (position of rest). Therefore, the physical require-
ments of such a motor are low inertia and high starting torque. Low
inertia is attained with reduced armature diameter.
In control systems, DC motors are used in two different control modes: a)
Armature control mode with constant field current; and b) Field control
mode with fixed armature current.
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Transfer function of the DC motor

The DC motor is a power actuator device that delivers energy to a load,
as shown in Figure (a). The DC motor converts direct current (DC)
electrical energy into rotational mechanical energy. A major fraction of
the torque generated in the rotor (armature) of the motor is available to
drive an external load. Because of features such as high torque, speed
controllability over a wide range, portability, well-behaved speed-torque
characteristics, and adaptability to various types of control methods,
DC motors are widely used in numerous control applications, including
robotic manipulators, tape transport mechanisms, disk drives, machine
tools, and servo valve actuators.
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Transfer function of the DC motor

The transfer function of the DC motor will be developed for a linear
approximation to an actual motor, and second-order effects, such as
hysteresis and the voltage drop across the brushes, will be neglected.
The input voltage may be applied to the field or armature terminals.
The air-gap flux φ(t) of the motor is proportional to the field current,
provided the field is unsaturated, so that

φ(t) = Kf if (t)

The torque developed by the motor is assumed to be related linearly to
φ(t) and the armature current as follows:

Tm(t) = K1φ(t)ia(t) = K1Kf if (t)ia(t)
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Transfer function of the DC motor

First, we shall consider the field current controlled motor, which
provides a substantial power amplification. Then we have, in Laplace
transform notation,

Tm(s) = (K1KfIa) If (s) = KmIf (s)

where ia = Ia is a constant armature current, and Km is defined as the
motor constant. The field current is related to the field voltage as

Vf (s) = (Rf + Lfs) If (s)

The motor torque Tm(s) is equal to the torque delivered to the load.
This relation may be expressed as

Tm(s) = TL(s) + Td(s)

where TL(s) is the load torque and Td(s) is the disturbance torque,
which is often negligible.
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Transfer function of the DC motor

However, the disturbance torque often must be considered in systems
subjected to external forces such as antenna wind-gust forces. The load
torque for rotating inertia, as shown in Figure, is written as

TL(s) = Js2θ(s) + bsθ(s)

TL(s) = Tm(s) − Td(s)

Tm(s) = KmIf (s)

If (s) =
Vf (s)

Rf + Lfs

Therefore, the transfer function of the motor-load combination, with
Td(s) = 0, is

θ(s)

Vf (s)
=

Km

s(Js+ b) (Lfs+Rf )
=

Km/ (JLf )

s(s+ b/J) (s+Rf/Lf )
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Transfer function of the DC motor

The block diagram model of the field-controlled DC motor is shown in
Figure. Alternatively, the transfer function may be written in terms of
the time constants of the motor as

θ(s)

Vf (s)
= G(s) =

Km/ (bRf )

s (τfs+ 1) (τLs+ 1)

where τf = Lf/Rf and τL = J/b. Typically, one finds that τL > τf and
often the field time constant may be neglected.
The armature-controlled DC motor uses the armature current ia as the
control variable. The stator field can be established by a field coil and
current or a permanent magnet. When a constant field current is
established in a field coil, the motor torque is

Tm(s) = (K1KfIf ) Ia(s) = KmIa(s)

When a permanent magnet is used, we have

Tm(s) = KmIa(s)

where Km is a function of the permeability of the magnetic material.
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Transfer function of the DC motor

The armature current is related to the input voltage applied to the
armature by

Va(s) = (Ra + Las) Ia(s) + Vb(s)

where Vb(s) is the back electromotive-force voltage proportional to the
motor speed. Therefore, we have

Vb(s) = Kbω(s)

where ω(s) = sθ(s) is the transform of the angular speed and the
armature current is

Ia(s) =
Va(s) −Kbω(s)

Ra + Las

TL(s) = Js2θ(s) + bsθ(s) = Tm(s) − Td(s)
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Transfer function of the DC motor

G(s) =
θ(s)

Va(s)
=

Km

s [(Ra + Las) (Js+ b) +KbKmn]

=
Km

s (s2 + 2ζωnrs+ ω2
n)

However, for many DC motors, the time constant of the armature,
τa = La/Ra, is negligible; therefore,

G(s) =
θ(s)

Va(s)
=

Km

s [Ra (Js+ b) +KbKm]
=
Km/ (Rdb+KbKm)

s (τ1s+ 1)

where the equivalent time constant τ1 = RaJ/ (Rab+KbKm).
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Block Diagram of the field controlled DC motor
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Block Diagram of the armature controlled DC motor

(BEC and Bapatla) Dr.N Rama Devi September 17, 2021 129 / 176



Transfer functions for different machines
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Reduction of Block diagram and it’s Rules

Complex systems are represented by the interconnection of many
subsystems.
In order to analyze our system, we want to represent multiple
subsystems as a single transfer function.
There are three topologies that can be used to reduce a complicated
system to a single block.
Cascade form
Parallel form
Feedback form
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Reduction of Block diagram and it’s Rules
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Reduction of Block diagram and it’s Rules
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Reduction of Block diagram and it’s Rules
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Procedure for reduction of Block Diagram model

Step1: Reduce the cascade blocks.

Step2: Reduce the parallel blocks.

Step3: Reduce the internal feedback loops.

Step4: Shift take-off points towards right and summing points towards
left.

Step 5: Repeat step 1 to step 4 until the simple form is obtained.

Step 6: Find transfer function of whole system as C(s)
R(s)

(BEC and Bapatla) Dr.N Rama Devi September 17, 2021 135 / 176



Procedure for finding output of Block Diagram model
with multiple inputs

Step1: Consider one input taking rest of the inputs zero, find output
using the procedure.

Step2: Follow step 1 for each inputs of the given Block Diagram model
and find their corresponding outputs.

Step3: Find the resultant output by adding all individual outputs.
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Problems on Block Reduction

Problem1:Reduce the block diagram of Figure to canonical form and
derive the overall transfer function
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Problems on Block Reduction

Problem2:Reduce the block diagram of Figure to canonical form and
derive the overall transfer function
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Problems on Block Reduction

Problem3:Reduce the block diagram of Figure to canonical form and
derive the overall transfer function
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Problems on Block Reduction

Reduce the block diagram of Figure to canonical form.
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Problems on Block Reduction

For the system represented by block diagram shown in figure,
determine C1/R1 and C2/R1.
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FEEDBACK SYSTEM

A closed-loop or feedback system generates the output in response to an
error signal obtained by comparing the input with the feedback signal
produced by measuring output so that the error is continually reduced
and the process comes under control.
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FEEDBACK SYSTEM

Feedback control systems are used in all applications like in production
control, quality control, economy control, process control, etc. Process
control systems are feedback control systems where the output variables
like temperature, pressure, humidity, etc. are regulated by feedback
control mechanism.
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EFFECT OF FEEDBACK

A feedback is provided to bring about improvement in the performance
of a control system. The advantages of feedback in a control system
are:
a) Feedback reduces the sensitivity of the system to its parameter
variations. Parameters may vary due to ageing, environmental changes,
etc. If feedback is introduced the system performance will not be
adversely effected.
b) Feedback improves the sensitivity of a control system but there
would be reduction in system gain.
c) Feedback improves the stability if properly designed.
d) Negative feedback reduces the overall gain of the system.
e) System response to disturbance signal can be reduced with feedback.
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Effect of feedback on parameter Variations

Suppose due to system parameter changes, the transfer function G(s)
changes to G(s) + ∆G(s), the corresponding change in output, i.e. ∆C(s)
with respect to open-loop and closedloop system will be,

So the change in output due to parameter variation of G(s) in the closed-
loop (feedback) system is reduced by a factor of [1 + G(s) H(s)] which
is usually much greater than unity
Sensitivity is the ratio of relative variation of the overall transfer function
of the system due to variation of G(s). The effect of feedback in control
system is to reduce the sensitivity to parameter variation on the system’s
output.
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Effect of feedback on transient response

Transient response is the response of a system with respect to time before
steady-state is reached. To understand the effect of feedback on transient
response, we may again consider the speed control system

Applying a step input of Vr(s) = K2
s , we get the speed of the motor for

a closed-loop operation as

ω(s) =
KVr(s)

τs+KKt + 1
=

KK2/τ

s
(
s+ KKt+1

τ

)
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Effect of feedback on transient response

Taking inverse Laplace transform, we get

ω(t) =
KK2

1 +KKt

[
1− e−

(
KKt+1

r

)
t
]

for a closed-loop system and

= KK2

(
1− e−

−t
τ

)
for an open-loop system,

where and

τ =
RaJ

RaB +KTKb

It is clear from the above expression of w(t) that the open-loop system
with a large time constant t exhibits poor transient response. However
in the closed-loop system, the time constant is reduced by a factor of
(1 + KKt) and hence the transient response can be adjusted by varying
amplifier gain Ka and tachometer gain Kt, if needed.

(BEC and Bapatla) Dr.N Rama Devi September 28, 2021 7 / 14



Effect of feedback on disturbance signal

A disturbance signal is an unwanted input signal that affects the system’s
output. The block diagram of a closed-loop system with disturbance
signal Td(s) is shown in Fig.

The ratio of output to disturbance signal is obtained by putting R(s) = 0
in the above Fig.

C(s)

Td(s)
=

−G2(s)

1 +G1(s)G2(s)H(s)
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Effect of feedback on disturbance signal

If |G1(s)G2(s)H(s)| >> 1 in the working range of frequencies, then

C(s)

Td(s)
=

−G2(s)

1 +G1(s)G2(s)H(s)
=

−1

G1(s)H(s)

The effect of disturbance can be minimized through feedback if G1(s) is
made sufficiently large. Again we may consider the example of the speed
control system and comparing with above fig, we get

R(s) = Vr(s);C(s) = ω(s)

G1(s) =
KaKT

Ra
;G2(s) =

1

Js +B

H(s) = Kt +
Kb

Ka
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Effect of feedback on disturbance signal

Thus the steady-state error for a closed-loop speed control system with
R(s) = Vr(s) = 0 and Td(s) = A/s is given by

ecx = lim
x→0

[R(s)− C(s)] = lim
x→0

s[−C(s)]

= lim
x→0

sG2(s)Td(s)

1 +G1(s)G2(s)H(s)

= lim
x→0

A

1 + KeKT
Ra

(
1

Js+B

)(
Kt + Kb

Ka

)
=

ARa
ReB +Kr (Kb +KaKt)
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Effect of feedback on steady-state error

From Fig. 5.3(a) we may write the error E(s) for open and closed-loop
system as follows.
E(s) = R(s)− C(s)

= [1−G(s)]R(s) for open-loop system and

=
R(s)

1 +G(s)
for closed-loop system with H(s) = 1

So, the

steady-state error for open-loop system with step input is

eatx = lim
n→0

SE(s)

= lim
s→0

s[1−G(s)]
1

s

= 1−G(0)

(BEC and Bapatla) Dr.N Rama Devi September 28, 2021 11 / 14



Effect of feedback on steady-state error

The steady-state error for closed-loop system with step input is

ecs = lim
x→∞

s[R(s)− C(s)]

= lim
x→∞

1

1 +G(s)

(
1

s

)
=

1

1 +G(0)

G(0) is often called the DC gain and is normally greater than unity.
So, the steady-state error for an open-loop system will be of significant
magnitude as compared to that for a closed-loop system with a
reasonably large DC loop gain G(0).
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Effect of feedback on overall gain

Thus, the gain of an open-loop system is G(s). When we use negative
feedback, this gain gets reduced by a factor 1/[1 + G(s)H(s)]
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Effect of feedback on stability

Use of feedback improves the stability of a system. From the transfer
function, we can examine the location of the poles in the s-plane. If the
poles get shifted more to the left-hand side of the imaginary axis, we
can say that the system becomes more stable. For example, let us say
that the span-loop transfer function G(s) is K/s+ τ The pole is
located at s = −τ . The overall transfer function of the system with
unity negative feedback will be

C(s)

R(s)
=

G(s)

1 +G(s)H(s)
=

K
s + τ

1 + K
s+τ

=
K

s+ (τ +K)

Now, the pole gets shifted to

s = −(T +K)

The pole gets shifted from s = −τ to s = −(τ +K). Thus, we can see
that feedback can make the system more stable.
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Introduction

Time response analysis is also called time domain analysis. Here, we
study the response, i.e. the output as a function of time. Total time
response c(t) of a control system consists of transient response ct(t) and
steady state response css (t).
c(t) = ct(t) + css(t)
where c(t) = total time response
ct(t) = transient response
css(t) = steady-state response.
The transient state of the system remains for a very short time while
steady-state is that stage of the system as time t approaches infinity. A
feedback control system has the inherent capabilities that its parameters
can be adjusted to alter both its transient and steady-state behaviour.

(BEC and Bapatla) Dr.N Rama Devi October 9, 2021 2 / 59



Introduction

In order to analyse the transient and steady-state behaviour of control
systems, we obtain a mathematical model of the system. For any specific
input signal, a complete time response expression can then be obtained
through the Laplace transform inversion. This expression yields the
steady-state behaviour of the system with time tending to infinity. In
case of simple deterministic signals, steady-state response expression can
be calculated by the use of the final value theorem.
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Introduction

In analysing or designing a particular control system, we must have a
basis of comparison of performance of various control systems. This basis
may be set by specifying particular test input signals and by comparing
the responses of various systems to these input signals. Usually the input
signals to control systems are not fully known.
From experience it has been observed that the actual input signals which
severely strain a control system are: a sudden shock, a sudden change, a
constantly increasing change or a constantly accelerating change. There-
fore, system dynamic behaviour for analysis and design can be studied
and compared under application of standard test signals such as an im-
pulse signal (sudden shock), a step signal (sudden change), a ramp signal
(constant velocity) or a parabolic signal (constant acceleration). Sinu-
soidal signal is also another important test signal. With these test sig-
nals, mathematical and experimental analysis of control systems can be
carried out easily since these signals are very simple functions of time.
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Standard test signals

1. Step Signal: A step signal gives an instantaneous change in the value
of the reference u(t) as shown in Fig.
2. Ramp Signal: A ramp signal gives a constant change in the value of
the reference variable r(t) with respect to time, as shown in Fig. It is
also the integral of a step signal.
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Standard test signals

3. Parabolic Signal: A parabolic signal gives an accelerating change in
the value of the reference variable p(t). This is the integral of ramp
signal. It is shown in Fig.
4. Impulse Signal: The unit-impulse signal gives an infinite magnitude
to the value of the reference variable at t = 0 and a zero value everywhere
except at t = 0.
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Classification of control systems

Control systems may be of different orders viz. zero order system, first
order system, second order system, and so on. The generalized relation
between a particular input, say qi and the corresponding output, say q0,
with proper simplified assumptions, can be written as

an
dnq0

dtn
+an−1

dn−1q0

dtn−1
+. . .+a1

dq0

dt
+a0q0 = bm

dmqi
dtm

+bm−1
dm−1qi
dtm−1

+. . .+b1
dqi
dt

+b0qi .

where q0 is the output quantity qi is the input quantity t is the time a
’s and b ’s are combination of system parameters which are assumed to
be constants.
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Classification of control systems

Taking Laplace transform and assuming all initial conditions to be
zero, we get[
ans

n + an−1s
n−1 + . . .+ a0

]
Q0(s) =

[
bms

m + bm−1s
m−1 + . . .+ b0

]
Qi(s)

Transfer function, G(s) = Q0(s)
Qi(s)

=
(bmsm+bm−1sm−1+...+b0)
(ansn+an−1sn−1+...+a0)

The T.F. can also be written as,

=
k (τas+ 1) (τbs+ 1) . . .

sN (τ1s+ 1) (τ2s+ 1) . . .

The power of s in the denominator determines the order of the system.
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Order of a system

In the generalized system equation, i.e. equation if all the a’s and b’s
are made zero except a0 and b0, we will get Zero order system.
Therefore, q0 = kqi represents a zero order system. A simple example
of a zero order system is a potentiometer where the output voltage is a
fraction of the input voltage, i.e. e0 = kei.

If in the generalized system equation, if all a’s and b’s other than a1,
a0 and b0 are taken as zero, we will get First order system.

τ
dq0

dt
+ q0 = kqi

where,

τ =
a1

a0
is called the time constant

k =
b0
a0

is called the static sensitivity
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Order of a system

Any system that follows the above relation of equation is called a first
order system. Taking Laplace transform,

τsQ0(s) +Q0(s) = kQi(s)

Transfer Function, G(s) =
Q0(s)

Qi(s)
=

k

τs+ 1

A simple R− C network having an input ei and output across C as e0

will have a similar transfer function and therefore can be called a first
order system.
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Order of a system

In the generalized equation if all a’s and b’s are made zero except a2,
a1, a0 and b0 then we will get the equation for the second order system.
Accordingly a second order system is one which follows the equation,

a2
d2q0

dt2
+ a1

dq0

dt
+ a0q0 = b0qi

a2

a0

d2q0

dt2
+
a1

a0

dq0

dt
+ q0 =

b0
a0
qi

1

ω2
n

d2q0

dt2
+

2ζ

ωn

dq0

dt
+ q0 = kqi
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Order of a system

where

ωn =

√
a0

a2
, is called the undamped natural frequency

ζ = a1
2
√
a0a2

, is called the damping ratio.[
∵
a1

a0
=

2ζ

ωn
,∴ ζ =

a1ωn
2a0

=
a1
√
a0

2a0
√
a2

=
a1

2
√
a0a2

]
Taking Laplace transform of equation (6.4), we get[

s2

ω2
n

+
2ζs

ωn
+ 1

]
Q0(s) = KQi(s)

T.F. G(s) =
Q0(s)

Qi(s)
=

K
s2

ω2
n

+ 2ζs
ωn

+ 1

=
kω2

n

s2 + 2ζωns+ ω2
n

A mass spring damper system is an example of second order system.
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Steady-State Error

The difference between the desired response and the actual response of
a system is called the error. The error, if any, when the system settles
down or stabilizes is called the steady-state error.
Transient state refers to the oscillatory condition of the system output,
i.e. during the transient time before the system comes to final steady-
state condition. During design stage, a system is tested for its steady-
state and transient state errors in simulated condition. Modifications are
made in the system parameters including the amplifier gain setting so
as to obtain the desired steady state and transient state performance of
the system. The error is measured in a simulated condition by applying
certain test signals described earlier.
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Steady-State Error

Steady-state error is a measure of the accuracy of a control system.
The steady-state error of a control system is judged by the steady-state
error due to step, ramp or acceleration input. Any physical control
system inherently suffers steady-state error in response to certain types
of inputs. A system may have no steady-state error to a step input but
the same system may exhibit non-zero, i.e. some steady-state error to a
ramp input. Generally, steady state error should be as low as possible.
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Steady-State Error

C(s)

R(s)
=

G(s)

1 +G(s)H(s)

E(s) = R(s)−B(s)

E(s) = R(s)− C(s)H(s).

Dividing both sides by R(s)

E(s)

R(s)
=
R(s)− C(s)H(s)

R(s)
= 1− C(s)

R(s)
H(s) = 1− G(s)H(s)

1 +G(s)H(s)

or,
E(S)

R(s)
=

1

1 +G(s)H(s)
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Steady-State Error

∴ Error, E(S) =
R(s)

1 +G(s)H(s)

The steady-state error is limt→∞ f(t) = lims→0 sF (s) [from Final Value
Theorem]

ess = lim
t→∞

e(t)

So, steady state error

ess = lim
t→∞

e(t)

= lim
s→o

sE(s)

= lim
s→0

sR(s)

1 +G(s)H(s)
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Static Position Error

The steady-state error of the system for a unit step input is

ess = lim
s→0

s

1 +G(s)H(s)

1

s

[
R(s) =

1

s
for unit step input

]
ess = lim

s→0

1

1 +G(s)H(s)
=

1

1 +Kp

where, Kp = lims→0G(s)H(s);Kp is called the static position error
coefficient. Now, we shall find the value of Kp for different types of
systems, that is, type 0, type 1, type 2. Type is defined as the number
of open-loop poles at the origin and is indicated by power of s, i.e. sN

in the denominator of the transfer function. For type 0 system, s0 = 1;
for type 1 , s1 = s; for type 2, s2 = s2, and so on.
i) For a type 0 system,

G(s)H(s) =
K (Tas+ 1) (Tbs+ 1) . . .

s0 (T1s+ 1) (T2s+ 1) . . .
(from general equation)
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Static Position Error

Kp = lim
s→0

G(s)H(s) =
K(0 + 1)(0 + 1) . . .

(0 + 1)(0 + 1) . . .

=
K

s0
= K

ii) For type 1 or higher system,

G(s)H(s) =
K (Tas+ 1) (Tbs+ 1) . . .

sN (T1s+ 1) (T2s+ 1) . . .

Kp = lim
s→0

G(s)H(s) =
K(0 + 1)(0 + 1) . . .

0(0 + 1)(0 + 1) . . . .

Kp =∞ ( for N ≥ 1)
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Static Position Error

Now, we shall find the static position error for different systems at
steady state.
i) For type 0 system,

ess =
1

1 +Kp
=

1

1 +K
[∴ Kp = K]

ii) For type 1 or higher systems,

ess =
1

1 +Kp

=
1

1 +∞
= 0

Thus, for a unit step input, steady-state error for different types of
systems is finite. Hence, every type of system is capable of following
step input. Though type 0 system shows some error, higher type of
systems can respond to step input very accurately.
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Static velocity error

Static velocity error coefficient is associated with ess for unit ramp input.
The steady-state actuating error of the system with a unit ramp input
(unit velocity input) is given by

ess = lim
s→0

sR(s)

1 +G(s)H(s)

= lim
s→0

s

1 +G(s)H(s)

1

s2

[
∵ R(s) =

1

s2

]
= lim

s→0

1

s+ sG(s)H(s)
=

1

Kv

where, Kv = lims→0 sG(s)H(s);Kv is called the static velocity error
coefficient. Now, we shall find the static velocity error coefficient for
different types of systems.
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Static velocity error

i) For a type 0 system,

G(s)H(s) =
K (Tas+ 1) (Tbs+ 1) . . .

s0 (T1s+ 1) (T2s+ 1) . . .

∴ = lim
s→0

sG(s)H(s)

= lim
s→0

sK (Tas+ 1) (Tbs+ 1) . . . ·
(T1s+ 1) (T2s+ 1) . . .

= 0

ii) For a type 1 system,

Kv = lim
s→0

G(s)H(s) = lim
s→0

s
K (Tas+ 1) (Tbs+ 1) . . .

s (T1s+ 1) (T2s+ 1) . . .
= K

ii) For a type 2 or higher system,

Kv = lim
s→0

SG(s)H(s) = lim
s→0

s
K (Tas+ 1) (Tbs+ 1) . . .

sN−1 (T1s+ 1) (T2s+ 1) . . .

= lim
s→0

s
K (Tas+ 1) (Tbs+ 1) . . .

sN−1 (T1s+ 1) (T2s+ 1) . . .
=∞
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Static velocity error

Now, we shall find static velocity error for different types of systems at
steady state. i) For type 0 system,

ess =
1

Kv
=

1

0
=∞ [∴ Kv = 0]

ii) For type 1 system,

ess =
1

Kr
=

1

K
[∴ Kv = K]

ii) For a type 2 or higher systems,

ess =
1

Kv
=

1

0
=∞ = 0 [∴ Kv =∞]

For ramp input, steady-state error for type 0 system is infinite. Hence, a
type 0 system is hot capable of following ramp input. The static velocity
error for type 1 system is finite. But static velocity error for type 2
system or higher system is zero. So type 2 or higher systems are capable
of following a ramp input very accurately. As we move from type 0 to
type 2 or higher systems, the static velocity error goes on decreasing.
But with increase in the type number, the number of poles on the jw-
axis also goes on increasing, which will make the system response more
oscillatory.
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Static acceleration error

Static acceleration error coefficient is associated with ess for unit parabolic
input. The steady state actuating error of the system with unit-parabolic
input (acceleration) is given by

ess = lim
s→0

sR(s)

1 +G(s)H(s)

= lim
s→0

s

1 +G(s)H(s)

1

s3

[
∵ R(s) =

1

s3

]
= lim

s→0

1

s2 + s2G(s)H(s)
=

1

Ke

where Ka = lims→∞ s
2G(s)H(s)

Now, we shall find the static acceleration error coefficient for different
types of systems.
i) For type 0 system,

Ka = lim
s→0

s2G(s)H(s) = lim
s→0

s2K (Tas+ 1) (Tbs+ 1) . . .

s0 (T1s+ 1) (T2s+ 1) . . .
= 0

(BEC and Bapatla) Dr.N Rama Devi October 9, 2021 23 / 59



Static acceleration error

ii) For a type 1 system,

Ka = lim
s→0

s2G(s)H(s) = lim
n→0

s2K (Tas+ 1) (Tbs+ 1)

s (T1s+ 1) (T2s+ 1) . . .

= lim
s→0

sK (Tas+ 1) (Tbs+ 1) . . .

(T1s+ 1) (T2s+ 1) . . .
= 0

iii) For a type 2 system

Ka = lim
s→0

s2G(s)H(s) = lim
s→0

s2K (Tas+ 1) (Tbs+ 1) . . .

s2 (T1s+ 1) (T2s+ 1) . . .
= K

iv) For a type 3 or higher system,

Ka = lim
s→0

s2G(s)H(s) = lim
n→0

s2K (Tas+ 1) (Tbs+ 1) . . .

sN (T1s+ 1) (T2s+ 1) . . .

= lim
s→0

K (Tas+ 1) (Tbs+ 1) . . .

sN−2 (T1s+ 1) (T2s+ 1)
=∞ [∴ N ≥ 3]
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Static acceleration error

Now we shall find the static acceleration error for different types of
systems at steady state.
i) For a type 0 system, ess = 1

Ka
=∞ [∴ Ka = 0]

ii) For a type 1 system, ess = 1
Ka

=∞ [∴ Ka = 0]

iii) For a type 2 system, ess = 1
Ka

= 1
K [∴ Ka = K]

iv) For a type 3 or higher system, ess = 1
Ka

= 1
∞ = 0 [∴ Ka =∞] Thus

type 0 and type 1 systems are capable of following a parabolic input.
For a type 2 system, the error is finite, but for type 3 or higher systems
the error is zero. Again, as increase the type numbers, the error goes
on reducing.The terms “position error”, “velocity error”, “acceleration
error” mean steady-state deviations in the output position. A finite
velocity error implies that after transients have died out, the input and
output move at the same velocity but have a finite position difference.
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Steady State Error

The error coefficient Kp, Kv and Ka, describe the ability of a system
to reduce or eliminate steady-state error. It is desirable to increase
the error coefficients while maintaining the transient response within an
acceptable range. Table shows that a type 0 system gives error for all
the three types of inputs. A type 2 system gives error due to one type
of input only, which is finite. So a type 2 system is better than a type
0 system or a type 1 system from the steady-state error point of view.
Higher types of systems are better from the steady-state error point of
view but are less stable.
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Time response analysis

The nature of the transient response of a system is dependent upon
system poles only and not on the type of input. Therefore, we shall
analyse the transient response to one of the standard test signals. A
step signal is generally used for this purpose.
TIME RESPONSE OF FIRST ORDER SYSTEM TO STEP INPUT:
Let us consider a simple RC circuit as shown in Fig.
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Time response analysis

Write the circuit equation as

ei = Ri+
1

C

∫
idt

andeo =
1

C

∫
idt

Taking Laplace transform of these two equations or,

Ei(s) =

(
R+

1

Cs

)
I(s)

Ei(s) = RI(s)
1

Cs
I(s)

and

Transfer function =
output

input
=
Eo(s)

Ei(s)
=

(
1

1 +RCs

)
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Time response analysis

where τ = RC = Time constant of RC circuit

∴

T.F =

(
1

1 + τs

)
The block diagram of the system is shown in Fig.

Here

G(s) =
1

τs
C(s)

R(s)
=

G(s)

1 +G(s)H(s)
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Time response analysis of first order system with unit
step input

H(s) = 1 for unity feedback So,

C(s)

R(s)
=

1
τs

1 + 1
τs

=
1

τs+ 1

So,

C(s) = R(s)
1

(sτ + 1)

Time response: Time response to the unit step input, R(s) = 1
s will

now be calculated: Putting R(s) = 1
s ,

ol,

C(s) =
1

s(τs+ 1)

C(s) =
1

s
− τ

τs+ 1
=

1

s
− 1

s+ 1
τ
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Time response analysis of first order system with unit
step input

Taking inverse Laplace transform, Therefore,

C(t) =
[
1− e−ttr

]
The unit step response of the above system is shown in Fig. As time
tends to infinity, the error e(t) goes on reducing and finally becoming
zero. The steady state error becomes zero. The time constant is
indicative of how fast the system tends to reach the final value. The
speed of the response can be quantitatively defined as the time for the
output to become a particular percentage of its final value.
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Time response analysis of first order system with unit
step input

A large time constant corresponds to a sluggish response and a small
time constant corresponds to a fast response as shown in Fig. As
shown in Fig, time constant t1 is greater than t2 and hence the
response is as shown, i.e. it will take more time to reach the final value.
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Time response analysis of first order system with unit
step input

Error is e(t) = r(t)− c(t)
or, e(t) = 1−

(
1− e−t/τ

)
or, e(t) = e−t/τ

Steady-state error is given by

ex = lim
t→∞

e(t) = lim
t→∞

e−t/r = 0

The error response has been shown in Fig.
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Time response analysis of first order system with unit
ramp input

The transfer function of a first order system is written as

C(s)

R(s)
=

1

τs+ 1

R(s) =
1

s2
(for ramp input)

C(s) =
R(s)

τs+ 1

or,

C(s) =
1

s2(τs+ 1)

or,

C(s) =
1

s2
− τ

s
+

τ2

τs+ 1
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Time response analysis of first order system with unit
ramp input

Taking inverse Laplace transform,

C(t) = t− τ
(

1− e−t/τ
)

R(s) =
1

s2

r(t) = t

Error is given by
e(t) = r(t)− c(t)

or
e(t) = t−

[
t− τ

(
1− e−t/τ

)]
e(t) = τ

(
1− e−t/τ

)
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Time response analysis of first order system with unit
ramp input

Steady-state error is given by

ess = lim
t→∞

e(t) = τ

Therefore, for a ramp input reducing the system time constant
improves the speed of response of the system as well as reduces its
steady-state error to a ramp input. We, therefore, need to examine
only the steady state error to ramp input which can also be obtained
by applying the final value theorem as follows.

ess = lim
t→∞

e(t)

= lim
s→0

sE(s)

= lim
s→0

s[R(s)− C(s)]

= lim
s→0

[
1

s2
− 1

s2(τs+ 1)

]
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Time response analysis of first order system with unit
ramp input

= lim
s→0

s

s2

[
1− 1

(τs+ 1)

]
= lim

s→0

s

s2

[
1− 1

(τs+ 1)

]
= lim

s→0

1

s

[
τs+ 1− 1

τs+ 1

]
= lim

s→0

1

s

[
τs

τs+ 1

]
= lim

s→0

[
τ

τs+ 1

]
ess = τ
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Time response analysis of first order system with unit
impulse input

For unit impulse input r(t) = δ(t) where δ(t) is an unit impulse
function.
So, R(s) = 1

∴
C(s)

R(s)
=

1

τs+ 1

C(s) =
1

τs+ 1

c(t) =
1

τ
e−t/τ

Steady-state error
ess = lim

s→0
sE(s)

= lim
s→0

s[R(s)− C(s)]

= lim
s→0

[
1− 1

(τs+ 1)

]
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Time response analysis of first order system with unit
impulse input

= lim
s→0

s

[
τs+ 1− 1

τs+ 1

]
= lim

s→0
s

[
τs

τs+ 1

]
ess = 0.

To summarise, the response of a first order system having transfer

function
(

1
τs+1

)
to different input signals has been tabulated in Table.
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Time Response of Second Order Systems

The block diagram representation of the second order system with
unity feedback has been shown in Fig.

A second order system is represented by the equation,

a2
d2q0

dt2
+ a1

dq0

dt
+ a0q0 = b0qi

The transfer function of a second order system is given as,

T · F. =
ω2
n

s2 + 2ξωss+ ω2
n

ωn =

√
a0

a2
and ξ =

a1

2
√
a0a2

ωn is the undamped natural frequency and ξ is the damping ratio.
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Time Response of Second Order Systems

The characteristic equation is written by equating the denominator of
the transfer function to zero. The characteristic equation of the second
order system is

s2 + 2ξωns+ ω2
n = 0

The roots of the characteristic equation are

s1, s2 = −ξωn ± ωn
√
ξ2 − 1

= σ ± jωd

Here s1, s2 are the complex frequencies, σ = ξωn, is called the attenua-
tion, and ωd = ωn

√
1− ξ2, is called the frequency of damped oscillation.
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Time Response of Second Order Systems

So, the characteristic equation of the closed-loop second order system is
given by

s2 + 2ζωns+ ω2
n = 0

If ζ ≥ 1, the roots of the equation are real and the system response will
be over damped. On the other hand, if ζ < 1, the roots of the equation
are complex conjugate and the system response will be oscillatory in
nature. The condition of stability of the system is that the value of ζ
should be positive. So for ζ ≥ 1, the real roots the of equation are

s1, s2 =
−2ζωn ±

√
4ζ2ω2

n − 4ω2
n

2

For ζ < 1, the complex conjugate roots of the equation are

s1, s2 = −ζωn ± jωk
√

1− ζ2

= −σ ± jωd
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Time Response of Second Order Systems

According to different values of ζ, the time response of a second order
control system can be classified as follows.
a) Underdamped: For 0 < ζ < 1, the transient response is oscillatory in
nature, but decays exponentially to give a stable response.
b) Critically damped: For ζ = 1, the response just becomes
non-oscillatory and gives a stable response after transient disappears.
c) Overdamped: For ζ > 1, the response is non-oscillatory and gives a
somewhat delayed stable response after transient disappears.
d) Undamped: For ζ = 0, the transient does not disappear and the
response gives a sustained oscillation.
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Time Response of Second Order Systems
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Time Response of Second Order Systems Subjected to
Unit Step Input

a) Under-damped case (when 0 < ζ < 1) Here R(s) = 1
s and so C(s)

can be written as

C(s) =
ω2
n

s (s2 + 2ζωns+ ω2
n

=
1

s
− s+ ζωn

(s+ ζωn)2 + ω2
d

− ζωn
ωd

ωn

(s+ ζωn)2 + ω2
d

[where ωd = ωn
√

1− ζ2 = damped natural frequency ]
Taking inverse Laplace transform, we get

C(t) = 1− e−ζωnt
(

cosωdt+
ζωn
ωd

sinωdt

)
= 1− e−ζωnt√

1− ζ2

[√
1− ζ2 cosωdt+ ζ sinωdt

]
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Time Response of Second Order Systems Subjected to
Unit Step Input

= 1− e−ζωnt√
1− ζ2

(sinφ cosωdt+ cosφ sinωdt)[
∵ ωn sinφ = ωd = ωn

√
1−ζ2

]
[where cosφ = ζ]

= 1− e−ζωnt√
1− ζ2

sin (ωdt+ φ)

Thus, time response

C(t) = 1− e−ζωnt√
1−ζ2

sin

[(
ωn
√

1− ζ2
)
t+ tan−1

√
1−ζ2
ζ

]
.
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Time Response of Second Order Systems Subjected to
Unit Step Input

As limt→∞ c(t) = 1, the time response reaches its steady-state value of
unity and hence the steady-state error (ess) becomes zero as deduced
below.

ess = lim
t→∞

[r(t)− c(t)]

= lim
s→0

s[R(s)− C(s)]

= lim
s→0

s

[
1

s
− ω2

n

s (s2 + 2ζωns+ ω2
n

]
= lim

s→0

[
1− ω2

n

s2 + 2ζωss+ ω2
n

]
= 0
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Time Response Of second Order Systems Subjected to
Unit Step Input

b) Critically damped case (when ζ = 1) As R(s) = 1
s , and so C(s) can

be written as

C(s) =
ω2
n

s (s2 + 2ωns+ ω2
n)

[ Putting ζ = 1]

=
(s+ ωn)2 − s (s+ ωn)− sωn

s (s+ ωn)2

=
1

s
− 1

s+ ωn
− ωn

(s+ ωn)2

Taking inverse Laplace transform on both sides, we get

c(t) = 1− e−ωnt − ωnte−ωnt

= 1− e−ωnt (1 + ωnt)

The unit step response for this case also approaches unity, as
limt→∞ c(t) = 1 and also steadystate error ess = 0 as before.
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Time Response Of second Order Systems Subjected to
Unit Step Input

c) Overdamped case (when ζ > 1) Here also R(s) = 1
s , and C(s) may

be written as C(s) = ω2
n

s(s2+2(ωns+ω2
n)

or, C(s) =
ω2
n

s
[
(s+ ζωs)

2 − ω2
n (ζ2 − 1)

]
=

1

s
[
s+ ωn

(
ζ +

√
ζ2 − 1

)
|
[
s+ ωn

(
ζ −

√
ζ2 − 1

)]
=

1

s
+

1

2
√
ζ2 − 1

(
ζ +

√
ζ2 − 1

) [
s+ ωn

(
ζ +

√
ζ2 − 1

)] (obtaining partial fraction)

− 1

2
√
ζ2 − 1

(
ζ −

√
ζ2 − 1

) [
s+ ωn

(
ζ +

√
ζ2 − 1

)]
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Time Response Of second Order Systems Subjected to
Unit Step Input

Taking inverse Laplace transform on both sides, we have

c(t) = 1 +
e
−
(
ζ+
√
ζ2−1

)
ωt

2
√
ζ2 − 1

(
ζ +

√
ζ2 − 1

) − e
−
(
ζ−
√
ζ2−1

)
ωt

2
√
ζ2 − 1

(
ζ −

√
ζ2 − 1

)
If ζ becomes comparatively larger than 1 , then the second term having

a smaller time constant
[
1/
(
ζ +

√
ζ2 − 1

)
ωn

]
decays more quickly

than the third term with the larger time constant[
1/
(
ζ −

√
ζ2 − 1

)
ωn

)]
.

So after the time of the smaller time constant has elapsed, the response
is similar to that of a first order system and C(s) may be approximated
as

C(s)

R(s)
=

1

1 + τs
or, C(s) =

1/s

1 + τs
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Time Response Of second Order Systems Subjected to
Unit Step Input

Substituting value of τ , we get C(s) = 1/s

1+
[
1/
(
ζ−
√
ζ2−1

)
ωn
]
s

=

(
ζ −

√
ζ2 − 1

)
ωn

s
[
s+

(
ζ −

√
ζ2 − 1

)
ωn

]
Taking inverse Laplace transform, we get

C(t) = 1− e−14−
√
ζ2−1|∆t for ζ >> 1

Here also
lim
t→∞

C(t) = 1 and exx = 0
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Time Response Of second Order Systems Subjected to
Unit Step Input

d) Undamped case (when ζ = 0 ) As and R(s) = 1
s , ζ = 0, we may

write C(s) as given below.

C(s) =
ω2
k

s (s2 + ω2
ε)

=

(
s2 + ω2

n

)
− s2

s (s2 + ω2
n)

=
1

s
− s

s2 + ω2
n

Taking inverse Laplace transform on both sides, we have

C(t) = 1− cosωt
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Time Response Of second Order Systems Subjected to
Unit Step Input
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Transient Response specifications

The unit step response is easy to generate and mathematically the
response to any input can be derived if the response to a step input is
known. Therefore, the performance characteristics of a control system
are described in terms of transient response to a unit step input; with
standard initial conditions of output and all time derivatives being zero
when the system is at rest. The time response of second and higher
order control systems to a unit step input is generally damped
oscillatory in nature before reaching steady state. The following are
the transient response specifications (as shown in Fig. 7.13) of a
control system to a unit step input.
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Transient Response specifications

a) Rise time (tr) : It is the time required for the response to rise from
10 per cent to 90 per cent (for overdamped or critically damped
systems) and 0 per cent to 100 per cent (for underdamped systems) of
its final value. The 10 per cent to 90 per cent and 0 per cent to 100 per
cent rise time are commonly used for overdamped and underdamped
second order systems respectively. b) Peak time (tp) : The peak time is
the time required for the response to reach the first peak of the
overshoot. See Fig. 7.13. c) Maximum overshoot and maximum
percentage overshoot: The maximum overshoot (Mp) is the maximum
peak value of the response measured from unity. So Mp is given by

Mp′
p = c (tp)− 1 If the steady-state value is not unity, then the

maximum per cent overshoot as defined below is used. Maximum
percent overshoot

=
c (tp)− c(∞)

c(∞)
× 100

d) Setting time (t) ): It is the time required for the response curve to
reach and stay within a specified tolerance band (either 2 per cent or 5
per cent) of final value. e) Delay time (td) : It is the time required by
the response to reach half of its final value at the first attempt.
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Transient Response specifications

Assuming the system to be underdamped second order, we shall obtain
the rise time (tr), peak time (tp), maximum overshoot (Mp) and
settling time (ts) in terms of ζ and ωn. We have deduced (see equation
(7.17) ) earlier that time response c(t) under unit step input is given by:

c(t) = 1− e−ζωnt√
1− ζ2

sin

((√
1− ζ2

)
ωnt+ tan−1

√
1− ζ2

ζ

)

a) Rise time (tr) : Rise time is obtained from c (tr) = 1 Putting
c(t) = 1 in the above equation we get

1− e−ζωntr√
1− ζ2

sin

((
ωn
√

1− ζ2
)
tr + tan−1

√
1− ζ2

ζ

)
= 1

sin

((
ωn
√

1− ζ2
)
tr + tan−1

√
1− ζ2

ζ

)
= 0 = sinπ
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Transient Response specifications

Now, as 0 < tan−1
√

1−ζ2
ζ < π

2 for 0 < ζ < 1

∴
(
ωn
√

1− ζ2
)
tr + tan−1 1− ζ2

ζ
= π

tr =
π − tan−1 1−ζ2

ζ

ωn
√

1− ζ2
= The response time

b) Peak time (tp) : Peak time is obtained by differentiating c(t) with
respect to t and equating to zero. At maxima the slope is zero.

Therefore peak time is obtained from dc(t)
dt

∣∣∣
rmr

= 0 or,

ζωne−〈i+2,√
1−ζ2

sin

[(
ωn
√

1− ζ2
)
tp + tan−1

√
1−ζ2
ζ

]
−ωne−〈∆2f cos

((
ωn
√

1− ζ2
)
tp + tan−1

√
1−ζ2
ζ

)
= 0

tan

(
ωn
√

1− ζ2tp + tan−1
√

1−ζ2
ζ

)
=

√
1−ζ2
ζ
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Transient Response specifications

The general solution of the above equation is(
ωκ
√

1− ζ2
)
tF = nπ

where n = 0, 1, 2, 3, . . . and so on. As tf is the time required for the
response to reach the first peak of the overshoot, so tp is obtained for
n = 1. (By putting n = 2 we can get tp for the second peak, and so on.)

For the peak overshoot,
(
ωn
√

1− ζ2
)
tp = π or, tp = π

ωn
√

1−ζ2
= Peak

for the first maxima. Here n = 1 first undershoot n = 2 second
overshoot etc. c) Maximum overshoot (Mp) : Maximum overshoot Mp

is found by substituting the value of tp in the expression for c(t) and
subtracting the steady state response value from it.
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Transient Response specifications
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Introduction

System stability is one of the most important performance specification
of a control system. A system is considered unstable if it does not return
to its initial position but continues to oscillate after it is subjected to
any change in input or is subjected to undesirable disturbance.
There are many definitions for stability, depending upon the kind of
system or the point of view.
A linear, time-invariant system is stable if the natural response ap-
proaches zero as time approaches infinity.
A linear, time-invariant system is unstable if the natural response grows
without bound as time approaches infinity.
A linear, time-invariant system is marginally stable if the natural re-
sponse neither decays nor grows but remains constant or oscillates as
time approaches infinity.
Thus, the definition of stability implies that only the forced response
remains as the natural response approaches zero.
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Introduction

When one is looking at the total response, it may be difficult to separate
the natural response from the forced response. However, we realize that
if the input is bounded and the total response is not approaching infinity
as time approaches infinity, then the natural response is obviously not
approaching infinity.
Thus, our alternate definition of stability and instability, one that re-
gards the total response are
i) A system is stable if every bounded input yields a bounded output.
ii) If there is no input, the output should tend to be zero, irrespective of
any initial conditions.
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POLE-ZERO LOCATION AND CONDITIONS FOR
STABILITY

The stability of the closed-loop system can be determined by examining
the poles of the closed-loop system, that is, by the roots of the charac-
teristic equation. As we know, the nature of time response of a system is
related to the location of the roots of characteristic equation in s-plane.
For the system to be stable, the roots should have negative real parts.
A system will be stable, unstable, or oscillatory depending upon the
positions of the roots of the characteristic equation.
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CONDITIONS FOR STABILITY

For third and higher order systems, the positiveness of all the
coefficients of characteristic equation does not ensure the negativeness
of the real parts of complex roots. Therefore, it is a necessary but not
sufficient condition for the systems of third and higher order. For
example, if you have an unknown parameter in the denominator of a
transfer function, it is difficult to determine via a calculator the range
of this parameter to yield stability. To examine the sufficient condition
for stability, there is a criterion known as the Routh-Hurwitz’s stability
criterion.
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ROUTH’S STABILITY CRITERION AND ITS
APPLICATION

The Routh-Hurwitz criterion for stability does not require calculation
of the actual values of the roots of the characteristic equation. This
criterion tells us about the number of roots on the right side of the
imaginary axis. Moreover, this criterion gives just a qualitative result.
It is the quickest method if we just want to know whether the system is
stable or unstable. The method requires two steps:
(1) Generate a data table called a Routh table
(2) interpret the Routh table to tell how many closed-loop system poles
are in the left half-plane, the right half-plane, and on the jw − axis.
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ROUTH’S STABILITY CRITERION AND ITS
APPLICATION

Look at the equivalent closed-loop transfer function shown in Figure

Begin by labeling the rows with powers of s from the highest power of
the denominator of the closed-loop transfer function to s0. Next start
with the coefficient of the highest power of s in the denominator and
list, horizontally in the first row, every other coefficient. In the second
row, list horizontally, starting with the next highest power of s, every
coefficient that was skipped in the first row.
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ROUTH’S STABILITY CRITERION AND ITS
APPLICATION

The remaining entries are filled in as follows. Each entry is a negative
determinant of entries in the previous two rows divided by the entry in
the first column directly above the calculated row. The left-hand column
of the determinant is always the first column of the previous two rows,
and the right-hand column is the elements of the column above and to
the right. The table is complete when all of the rows are completed
down to s0.
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ROUTH’S STABILITY CRITERION AND ITS
APPLICATION

The Routh-Hurwitz criterion declares that the number of roots of the
polynomial that are in the right half-plane is equal to the number of sign
changes in the first column. If the closed-loop transfer function has all
poles in the left half of the s-plane, the system is stable. Thus, a system
is stable if there are no sign changes in the first column of the Routh
table.
To generate and interpret a basic Routh table, two special cases can
arise. These are
i) The first element in any of the rows of the array is zero, but the others
are not.
ii) The elements in one row of the array are all zero.
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ROUTH’S STABILITY CRITERION AND ITS
APPLICATION

In the first case, replace the zero element in the first column by an ar-
bitrary small positive number ε, and then proceed with array formation
and ultimately let ε tend to zero.
The second case of problem indicates that there are symmetrically lo-
cated roots in the s-plane. The polynomial whose coefficients are just
above the row of zeros in the array is called an acxiliary polynomial.
The auxiliary polynomial is always an even polynomial; that is, only
even powers of s appear. The roots of the auxiliary equation also satisfy
the original equation.
To continue with the array, the following steps should be adopted.
a) Form the auxiliary equation, A(s) = 0;
b) Take derivative of the auxiliary equation with respect to s and equate
to zero. i.e.,

dA(s)

ds
= 0
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ROUTH’S STABILITY CRITERION AND ITS
APPLICATION

c) Replace the row of zeros with the coefficients of

dA(s)

ds
= 0

d) Continue the array in the usual manner with replaced coefficients.
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Introduction

- Primary aim of a control engineer: To design a control system that
meets the desired specifications.
- Stability of the system is also a necessary condition.
- Analytical approach can be followed till second order systems while
Routh-Hurwitz criterion can be followed for higher order systems.
- Drawbacks of Routh-Hurwitz criterion -
(a) does not provide sufficient information about relative stability, which
may make the system unstable,
(b) does not help in designing a control system where tuning of param-
eters is important.
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Introduction

- The locus of the migration of the roots, of the characteristic equation,
in the s-plane is called ’Root Locus’.
- The root locus technique was introduced by W.R. Evans.
- The root locus technique is a graphical method for sketching the
locus of roots of the, characteristic equation in the s-plane as a design
parameter of the corresponding system is varied.
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THE ROOT LOCUS CONCEPT

- Let us consider a second order system, G(s) = 1
s(s+a) , and H(s) = 1

i.e. the poles of the open loop system is at s = 0,−a and it is an unity
feedback system.

- The characteristic equation of the system is

s2 + as+K = 0

- The roots of the equation are

s1,2 =
−a±

√
a2 − 4K

2
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THE ROOT LOCUS CONCEPT

- For positive values of a and K, the system is always stable and the
roots lie in the left half of the s-plane.
- The relative stability of the system depends on the location of the
roots.
- Desired transient response can be obtained by varying the open loop
gain K.
- As K is varied from 0 to ∞, the loci of the roots s1 and s2 in the
s-plane is explained considering three cases:
- Case 1 - For 0 ≤ K ≤ a2

4 the roots are distinct. When K = 0, the roots
are at s1 = 0 and s2 = −a, which are the poles of the open loop system.
- Case 2 - For K = a2

4 , the roots are real and equal i.e. s1 = s2 = −a
2 .

As K is varied from 0 to∞, one root starts moving from s1 = 0 and the
other starts moving from s2 = −a in opposite directions and at K = a2

4
both roots meet at S = −a

2
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THE ROOT LOCUS CONCEPT

- Case 3 - For K ≥ a2

4 the roots are complex and conjugate, given by

s1,2 = −a
2
± j
√
a2 − 4K

2
- The real parts remain constant and the imaginary part of the roots vary
as K varies. Thus, the roots move along the vertical line, one upwards
and one downwards.
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Advantages

The advantages of root locus technique are:
- Indicating the manner in which the closed loop poles and zeros should
be modified so that the response meets system performance specifica-
tions.
- Knowledge of the open loop system is sufficient to analyse the behaviour
of the system, detailed study of the closed loop system is not required.
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System Parameters and Pole Locations
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System Parameters and Pole Locations
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System Parameters and Pole Locations
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Evans condition

For higher order systems, this procedure will become complicated and
time consuming. Evans developed a simplified graphical technique for
root locus plot which is described below. The characteristic equation of
the closed-loop system is

1 +G(s)H(s) = 0

a) Magnitude criterion From equation (9.2), we see that the magnitude
of the open-loop transfer function is equal to unity for all the roots of
the characteristic equation |G(s)H(s) = 1|. b) Angle criterion The angle
of the open-loop transfer function is an odd integral multiple of π.

∠G(s)H(s) = ±180◦(2q + 1)

where, q = 0, 1, 2 . . . The gain factorK does not affect the angle criterion.
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Evans condition
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Evans condition
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Evans condition

For any point to be on the root locus in the s-plane, it has to satisfy
both angle criterion and magnitude criterion. The magnitude criterion
is checked after confirming the existence of the point on the root locus
by applying the angle criterion. To understand this, let us consider an
example where

G(s)H(s) =
K

s(s+ 1)(s+ 2)

Let us examine whether s = −0.5 lies on the root locus or not. First we
apply the angle criterion as ∠G(s)H(s) at s = −0.5 = ±180◦(2q + 1)
where q = 0, 1, 2, . . .

∠G(s)H(s) =
K

(−0.5)(−0.5 + 1)(−0.5 + 2)

=
K

(−0.5 + j0)(0.5 + j0)(1.5 + j0)

=
K b0◦

180◦
= −180◦
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Evans condition

Since the angle criterion is satisfied, the point s = −0.5 lies on the root
locus. Now we will also check by applying the magnitude criterion to
find the value of K for which the point s = −0.5 lies on the root locus.
Using magnitude criterion

|G(s)H(s) = 1| at s = −0.5

Here, K
|−0.5||0.5||1.5| = 1 o K = 0.375 Thus, for K = 0.375 point

s = −0.5 lies on root locus.
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ROOT LOCUS CONSTRUCTION RULES

RULE 1:
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ROOT LOCUS CONSTRUCTION RULES

RULE 2:
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ROOT LOCUS CONSTRUCTION RULES

RULE 2:
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ROOT LOCUS CONSTRUCTION RULES

RULE 2:
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ROOT LOCUS CONSTRUCTION RULES

RULE 3:
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ROOT LOCUS CONSTRUCTION RULES

RULE 3:
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ROOT LOCUS CONSTRUCTION RULES

RULE 3:
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ROOT LOCUS CONSTRUCTION RULES

Example:
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ROOT LOCUS CONSTRUCTION RULES

Example:
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ROOT LOCUS CONSTRUCTION RULES

RULE 4:
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ROOT LOCUS CONSTRUCTION RULES

RULE 5:
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ROOT LOCUS CONSTRUCTION RULES

RULE 5:

(BEC and Bapatla) Dr.N Rama Devi March 16, 2022 27 / 43



ROOT LOCUS CONSTRUCTION RULES

RULE 5:
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ROOT LOCUS CONSTRUCTION RULES

Example:
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ROOT LOCUS CONSTRUCTION RULES

Example:
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ROOT LOCUS CONSTRUCTION RULES

RULE 6:

(BEC and Bapatla) Dr.N Rama Devi March 16, 2022 31 / 43



ROOT LOCUS CONSTRUCTION RULES

RULE 6:
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ROOT LOCUS CONSTRUCTION RULES

Example:
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ROOT LOCUS CONSTRUCTION RULES

Example:
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ROOT LOCUS CONSTRUCTION RULES

Example:
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ROOT LOCUS CONSTRUCTION RULES

RULE 7:
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ROOT LOCUS CONSTRUCTION RULES

RULE 7:
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ROOT LOCUS CONSTRUCTION RULES

Example:
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ROOT LOCUS CONSTRUCTION RULES

Example:
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ROOT LOCUS CONSTRUCTION RULES

Example:
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ROOT LOCUS CONSTRUCTION RULES

RULE 8 and 9:
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ROOT LOCUS CONSTRUCTION RULES

As mentioned earlier, root locus is the path of the roots of the charac-
teristic equation, 1+ G(s)H(s) = 0 traced out in s-plane as the system
parameter (gain K ) is changed.
The root locus diagram or plot can be completed using the following
procedure. The procedure is presented in the form of certain rules.
a) Starting and termination of root locus-From the open-loop transfer
function, locate the poles and zeros. Each branch of the root locus
originates from an openloop pole with K = 0 and terminates either on
an open-loop zero or at infinity as the value of K increases from 0 to∞.
In most cases, we will have more poles than zeros. If we have n poles
and m zeros, and n > m. then n − m branches of the root locus will
reach infinity. Because the root loci originate at the poles, the number of
root loci is equal to number of poles. b) Root locus on the real axis-The
root locus on the real axis always lies in a section of the real axis to the
left of an odd number of poles and zeros. Let the open-loop transfer
function of a control system be G(s) = K(s+ 1)/(s+ 2). The pole is at
s = −2 and the zero is at s = −1 as shown in Fig. 9.4 (a). The root
locus will start at s = −2 and terminate at zero at s = −1. There is
existence of root locus to the left of Z and no existence to the left of P
on the real axis (root locus on real axis exists to the left of odd number
of poles and zeros). c) Symmetry of the root locus-The root loci must
be symmetrical about the real axis because the complex roots appear in
pairs.
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ROOT LOCUS CONSTRUCTION RULES

d) The member of asymptotes and their angles with the real axis-The
(n −m) branches of root loci move towards infinity. They do so along
straight line asymptotes. The angle of asymptotes with respect to the
real axis is given by

φA =
(2q + 1)

n−m
180◦, q = 0, 1, 2, . . .

where n is the number of poles and m is the number of zeros. e) Centroid
of the asymptotes-The linear asymptotes are centred at a point on the
real axis. This is called the centroid which is given by the relation,

σA =
Σ real parts of poles − Σ real parts of zeros

n−m
f) Breakaway points-The root locus breakaway from the real axis where
a number of roots are available, normally, where two roots exist. The
method of determining the breakaway point is to rearrange the charac-
teristic equation in terms of K. We then evaluate dK/ds = 0 in order
to find the breakaway point. Since the characteristic equation can have
real as well as complex multiple roots, its root locus can have real as well
as complex breakaway points. However, because of conjugate symmetry
of root loci, the breakaway point must either be on the real axis or must
occur in complex conjugate pairs. g) Intersection of the root locus with
the imaginary axis-The point at which the locus crosses the imaginary
axis, in case it does, is determined by applying RouthHurwitz criterion.
The value of K for which the locus crosses the imaginary axis is calcu-
lated by equating the terms in the first column of the Routh array of
s1 and s◦ to zero. h) Angle of departure of the root locus-The angle of
departure of the locus from a complex pole is calculated as
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BODE PLOT

Bodeplot is one of the powerful graphical methods of analyzing and
designing controlsystems. Introduction of logarithmic plots simplifies
the determination of graphical representation of the frequency response
of the system. Such logarithmic plots are popularly called Bode plots
in honour of H.W. Bode. In Bode plot, we plot logarithm of magnitude
versus frequency; and phase angle versus frequency. In this form of
representation of a sinusoidal transfer function, the magnitude G(jω) in
dB which is 20 log |G(jω)| is plotted against log ω.
The transfer function of a system in the frequency domain is expressed
as

G(jω) = |G(jω)|∠φ(ω)

By expressing the magnitude in terms of logarithm to the base 10 , we
can write Logarithmic gain = 20 log10G(jω) | where the units are in
decibels.
For a Bode diagram logarithmic gain in dB versus ω and phase angle
φ(ω) versus ω are plotted separately on the semi-log paper.
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BODE PLOT

Bode plots cover a wide range of frequencies due to log scale on x-axis.
Due to log scale on y-axis Bode plots cover a wide range of gains. This
is the advantage of using log scale. We will now consider a generalized
transfer function and explain the Bode plot in details. Let,

G(s)H(s) =
K [(1 + sτ1) (1 + sτ2) (1 + sτs) . . . . . . . . . ......

sN [(1 + sτa) (1 + sτb) . . . . . . . (s2 + 2ξωss+ ω2
s)]

The sinusoidal form of the transfer function is obtained by substituting
s for jω.

G(jω)H(jω) =
K

[
(1 + jωT1) (1 + jωτ2) (1 + jωτ5) . . . . . . . . . j

2
n

(jω)N [(1 + jωTa) (1 + jωTb) . . . . . . . . . {(ω2
n − ω2) + j2ξωnω)}]

=
K

[
(1 + jωT1) (1 + jωτ2) (1 + jωτ5) . . . . . . ...ω

2
n

(jω)N [(1 + jωτa) (1 + jωτb) . . . . . . . . . {(ω2
s − ω2) + j2ξωnω)}]
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Procedure for drawing Bode plot

Now we will explain the procedure for drawing the Bode plot as follows.
Magnitude of G(jω)H(jω) in decibel is given as:

20 log10 |G(jω)H(jω)| = 20 log10K + 20 log10 |(1 + jωτ1)|
+ 20 log10 |(1 + jωτ2)|+ 20 log10 |(1 + jωτ3)|+ . . . . . . . . . . . . . . .

− 20N log10 |(jω)| − ∅ log10 |1 + jωτa|
− 20 log10 |1 + jωτb| . . . . . . . . . . . .

− 20 log10

∣∣∣∣∣1−
(
ω

ωs

)2

+ j2ξ
ω

ωs

∣∣∣∣∣
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Procedure for drawing Bode plot

For the phase angle we write,[
G(jω)H(jω) = tan−1(0) + tan−1 (ωτ1) + tan−1 (ωτ2) . . . . . . . . . .

−N tan−1
(ω

0

)
− tan−1 ωτa − tan−1 (ωτb) . . . . . . .− tan−1

[
2ξωεω

(ω2
n − ω2)

]
or, ⌊

G(jω)H(jω) = tan−1 (ωτ1) + tan−1 (ωτ2) . . . . . . ..

−N × 90− tan−1 ωτa − tan−1 (ωτb)− tan−1
[

2ξωnω
′

(ω2
n − ω2)

]
Bode plot is a graph obtained from the above equations consisting of two
parts as follows. i) Plot of magnitude of G(jω)H(jω) in decibel versus
log10 ω and ii) Plot of phase angle of G(jω)H(jω) versus log10 ω.
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Methods of Drawing Bode Plot

For plotting magnitude | G(jω))H(jω) | in docibels versus log10 ω,
we have to add the plots of all the individual factors as included in
G(jω)H(jω) magnitude equation which are listed below.
a) Plot of gain K which is a constant;

b) Plot of poles at the origin,
(

1
jω

)N
;

c) Plot of poles on real axis, 1
1+jωτ

d) Plot of zeros on real axis, (1 + jωτ);
f) Plot of complex conjugate zeros, if present.
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Methods of Drawing Bode Plot

Now we will explain the Bode plots of the above individual factors.
a) Plot for the constant gain K.
The magnitude in decibel of the term K is given as

K(dB) = 20 log10(K)

The above Equation indicates that the magnitude is independent of
log10 ω. Assuming K as positive and real, the Bode plot has been drawn
as shown in Fig. (a). The phase angle is always zero for any value of ω
as shown in Fig. (b).
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Methods of Drawing Bode Plot

b) Plot of the term 1
(jω)N

representing a pole at the origin

The magnitude of the term 1
(jω)N

in decibel is written as

20 logta

∣∣∣∣ 1

(jω)N

∣∣∣∣ = −20N logse(ω)

The magnitude curve will have a slope of −20 dB/ decade for a pole
(N = 1)
For N = 2 the slope will be −40 dB/ decade.
For N = 3 the slope will be −60 dB/ decade.
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Methods of Drawing Bode Plot

The phase angle is given by

1

(jω)N
= −N tan−1

(ω
0

)
= −N tan−1∞ = −N × 90◦

Therefore, for a zero at the origin we have a logarithmic magnitude
+20 log10 ω where the slope is +20 dB/ decade; and the phase angle is,
φ(ω) = 90◦. The graphs have been shown in Fig.
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Methods of Drawing Bode Plot

c) Plot for the term 1
1+jωτ , i.e. for poles on the real axis The magnitude

is written as

20 log10

∣∣∣∣ 1

(1 + jωτ)

∣∣∣∣ = 20 log10

(
1√

1 + ω2τ2

)
= −20 log10

(
1 + ω2τ2

)1/2
Let us calculate the magnitude at very low and very high frequencies as
when ω << 1

τ , magnitude is

20 log10

∣∣∣∣ 1

(1 + jωτ)

∣∣∣∣ = −20 log∞ 1 = 0 dB
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Methods of Drawing Bode Plot

when ω >> 1
τ

magnitude = 20 log10

∣∣∣∣ 1

(1 + jωτ)

∣∣∣∣ = −20 log10(ωτ)

= −20 log10(ω)− 20 log10(τ)

Equation is similar to the equation of a straight line y = mx+ c.
Here,

m(slope) = −20 dB/decade

c = −20 log10(τ) = 20 log10

(
1

τ

)

(BEC and Bapatla) Dr.N Rama Devi November 19, 2021 11 / 17



Methods of Drawing Bode Plot

Equations when ω << 1
τ and ω >> 1

τ are two curves. To determine
where the two curves are intersecting on the 0 dB axis we have to equate
equation of when ω >> 1

τ to zero. Thus, we write or,

0 = −20 log10(ω)− 20 log10(τ)

20 log10(ω) = −20 log10(τ) = 20 log10

(
1

τ

)
ω =

1

τ

Hence the two curves intersect on 0 dB axis at ω = ωc = 1
τ where ωc is

called the break frequency or corner frequency.
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Methods of Drawing Bode Plot

The phase angle, φ(ω) = − tan−1(ωτ)
At very low frequency, φ(ω) = − tan−1(0) = 0◦

At very high frequency, φ(ω) = − tan−1(∞) = −90◦

At corner frequency, ω = ωc = 1
τ ;φ(ω) = − tan−1

(
1
τ × τ

)
= − tan−1(1) =

−45◦

The Bode diagram for the pole factor 1
1+jωt has been shown in Fig.
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Methods of Drawing Bode Plot

d) Plot of zeros on real axis, (1 + jωτ);
The Bode diagram for a zero factor (factor involving zero in the transfer
function) (1+ jωr) is determined in a similar way as poles on real axis

magnitude, 20 log10 |(1 + jωτ)| = 20 log10
(
1 + ω2τ2

) 1
2

when ωτ << 1, ωτ is negligible as compared to 1 therefore, 20 log10 |(1+
jωτ)| = 20 log10(1) = 0 dB
And when ωT >> 1, ωτ is much higher than 1 Therefore, 20 log10 |(1 +
jωτ)| = 20 log10 ωτ = 20 log10(ω) + 20 log10(τ) Equation is similar to a
general straight line equation Here,

y = mx+ c

m( slope ) = 20 dB/ decade

C = 20 log10(τ)
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Methods of Drawing Bode Plot

Equations when ωτ << 1andωτ >> 1 represent two graphs. The graph
of equation lies on 0 dB axis when ωτ << 1, whereas graph of equation
has a slope of 20 dB/ decade when ωτ >> 1. The intersection of the two
graphs is found by equating equation of when ωτ >> 1 to zero. Thus,

0 = 20 log10(ω) + 20 log10(τ)

ω =
1

τ
= ωc

where ωc is called the corner frequency.
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Methods of Drawing Bode Plot

The Bode diagram for a zero factor of (1 + jωτ) has been shown in Fig.

The phase angle has been calculated as

at ωτ << 1, φ = tan−1(ωτ)
at ωτ >> 1, φ = tan−1(0) = 0

φ = tan−1(∞) = 90◦

at ω = ωc =
1

τ
, φ = tan−1

(
1

τ
× τ

)
= 45◦
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Methods of Drawing Bode Plot

The magnitude versus log10 ω graphs for both (1+ jωτ)−1 and (1+ jωτ)
have been shown together in Fig.

The exact or actual curves and the asymptotic curves differ from each
other to some extent. They are matched at the corner frequency ωc = 1

τ
as shown in Fig. The maximum error between the exact plot and the
asymptotic plot occurs at the corner frequency.
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Methods of Drawing Bode Plot

From exact plot the magnitude at ω = ωc = 1
τ is calculate as

20 log10 |(1 + jωτ)| = 20 log10

∣∣∣∣(1 + j
1

τ
× τ

)∣∣∣∣
= 20 log10

√
2 = 3 dB

For the curve for (1 + jωτ)−1 the magnitude of exact plot at corner
frequency will be −3 dB
If the poles or zeros on the real axis are of the form (1 + jωτ)±N , the
error in magnitude can be calculated to be equal to ±3N dB and the
phase angle error will be ±N45◦.
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Introduction

Frequency response methods, developed by Nyquist and Bode in the
1930s, are older than the root locus method, which was discovered by
Evans in 1948 (Nyquist, 1932, Bode, 1945).
- The frequency response of a system is defined as the steady state re-
sponse of the system to a sinusoidal input signal
- The sinusoid is a unique input signal and the resulting output signal
for a linear system, is sinusoidal at the steady state.
- It differs from the input waveform only in amplitude and phase angle.
Analysis involves examining the transfer function G(s) when s = jω and
graphically displaying G(jω) as ω varies.
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Introduction
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Advantages
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Frequency analysis

As mentioned, for analysis of many systems frequency response is of im-
portance since most of the input signals are either sinusoidal or composed
of sinusoidal components (harmonics). The starting point for frequency
response analysis is the determination of system transfer function. Then
in the frequency response the transfer function is expressed in terms
of magnitude and phase angle as M(s) = M | φ Let us, consider the
transfer function of a first order system as an example.

G(s) =
C(s)

R(s)
=

1

1 + sτ
or C(s) =

1

1 + sτ
R(s)

For frequency response analysis we replace s by jω. Therefore,

G(jω) =
1

1 + jωτ

The system is to be subjected to sinusoidal input and therefore, we take
R(s) = Ai sinωt From equation, the output C(jω) = Ai sinωt

1+jωτ Magnitude

of output, A0 = |C(jω)| = Ai√
1+ω2τ2

Magnitude of input = Ai
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Frequency analysis

The dimensionless ratio of output to input is given as

M =

∣∣∣∣A0

Ai

∣∣∣∣ =
1√

1 + ω2τ2

and the phase angle

φ = tan−1(−ωτ) = − tan−1 ωτ

Time lag =
1

ω
tan−1 ωτ

Now let us plot M versus ω and φ versus ω. When

ω = 0,M =
A0

Ai
= 1 and φ = 0

When

ω =∞,M =
A0

Ai
= 0 and φ = −90◦
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Frequency analysis

As ω increases from 0 to ∞, the magnitude gradually decreases from 1
to 0 and the angle of lag, φ increases from 0 to −90◦. Thus higher the
frequency, higher is the attenuation (decay) of the output and greater
is the angle of lag between output and input. The frequency response
characteristic of a first order system has been shown in Fig.
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frequency response specifications
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CORRELATION BETWEEN TIME RESPONSE AND
FREQUENCY RESPONSE

For comparative study of time response and frequency response of a
system, let us consider a second-order system. We had seen earlier that
the transfer function of a second-order system can be expressed as

C(s)

R(s)
=

ω2
n

s2 + 2ζωns+ ω2
n

where ζ is the damping ratio and ωn is the undamped natural frequency
of oscillations. For the sinusoidal transfer function, we will put s = jω
in the above expression.

C(jω)

R(jω)
=

ω2
n

(jω)2 + 2ζωnjω + ω2
n

=
ω2
n

(ω2
n − ω2) + j2ζωnω

Dividing by ω2
n

C(jω)

R(jω)
=

1(
1− ω2

ω2
n

)
+ j2ζ ω

ωn
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CORRELATION BETWEEN TIME RESPONSE AND
FREQUENCY RESPONSE

Let ω
ωn

= u, then

M(jω) =
C(jω)

R(jω)
=

1

(1− u2) + j2ζu
= M∠φ

|M(jω)| = M =
1√

(1− u2)2 + (2ζu)2

|M(jω) = tan−1
2ζu

1− u2

From equations (10.4) and (10.5), it is seen that if u = 0,M = 1 and
φ = 0 if u = 1,M = 1

2ζ and φ = −π
2 if u→∞,M → 0 and φ = −π
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CORRELATION BETWEEN TIME RESPONSE AND
FREQUENCY RESPONSE

As u changes from 0 to∞,M changes from 1 to 0 and φ changes from 0 to
−π. The frequency at whichM has maximum value is called the resonant
frequency ωr. Let, ur = ω/ωn where ur is called the normalized resonant
frequency. We will differentiate M with respect to u and substitute
u = ur and then equate to zero.

d

du

[(
1− u2r

)2
+ (2ζur)

2
]−1/2

= 0

or

−1

2

[(
1− u2

)2
+ (2ζu)2

]−3/2 [
−4u+ 4u3 + 8ζ2u

]
= 0

or

− 4u3 − 4u+ 8c2u
1
2 [(1− u2) + (2ζu)2]3/2

= 0

Substituting u = ur,

4u3r − 4ur + 8ζ2ur = 0

or
4u3r = 4ur − 8ζ2ur

4u3r = 4ur
(
1− 2ζ2

)
u2r = 1− 2ζ2

ur =
√

1− 2ζ2

or
ωr
ωn

= ur =
√

1− 2ζ2

or
ωr = ωn

√
1− 2ζ2
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CORRELATION BETWEEN TIME RESPONSE AND
FREQUENCY RESPONSE

From equations (10.4) and (10.6), we have

Mr =
1√

(1− u2r)
2 + (2ζur)

2

Mr =
1√

[1− (1− 2ζ2)]2 + [4ζ2 (1− 2ζ2)]

Mr =
1√

4ζ4 + 4ζ2 − 8ζ4

Mr =
1√

4ζ2 − 4ζ4
=

1√
4ζ2 (1− ζ2)

Mr =
1

2ζ
√

1− ζ2
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CORRELATION BETWEEN TIME RESPONSE AND
FREQUENCY RESPONSE

From equation (10.5),

∠M(jω) = φ = tan−1
2ζur
1−2

r

= tan−1
2ζ
√

1− 2ζ2

1− 1 + 2ζ2

or

φ = tan−1
√

1− 2ζ2

ζ

The characteristics of magnitude M and phase angle φ for normalized
frequency u for some value of ζ have been shown in Fig. 10.5. 10.3.1
Correlation Between Time Domain and Frequency Domain Parameters
We had calculated time domain specification parameters like maximum
overshoot Mp, peak time tp, rise time tp, settling time ts, etc. Mp is
calculated as

Mp = e−πζ/
√

1−ζ2
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CORRELATION BETWEEN TIME RESPONSE AND
FREQUENCY RESPONSE

and in the frequency domain resonant peak Mr has been calculated as

Mr =
1

2ζ
√

1− ζ2

It is observed that both Mp and Mr are the functions of damping ratio ζ.
As ζ is increased, the value of maximum overshoot Mp goes on decreas-
ing. When ζ is made equal to 1 , the overshoot disappears, that is, no
overshoot is produced by the system response. In the frequency domain,
resonant peak Mr will disappear when ζ > 1/

√
2, that is, ζ > 0.707

For lower value of ζ both Mp and Mr will be large which is undesirable.
In practice, the value of ζ is kept such that both the performance indices,
that is, Mp and Mr, are correlated. Therefore, ζ is generally designed
as 0.4 < ζ < 0.707.
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CORRELATION BETWEEN TIME RESPONSE AND
FREQUENCY RESPONSE

We had resonant frequency ωr and damped frequency of oscillation ωd
as

ωr = ωn
√

(1− 2ζ2)

ωd = ωn
√

(1− ζ2)

By comparing these two values, it can be said that there exists correla-
tion between resonant frequency and damped frequency of oscillations.
The ratio of

ωr
ωd

=

√
(1− 2ζ2)

(1− ζ2)

is also a function of ζ. When ζ lies between 0.4 and 0.707, both ωd and
ωr are comparable to each other.
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CORRELATION BETWEEN TIME RESPONSE AND
FREQUENCY RESPONSE

Bandwidth is the range of frequencies over which the value of M is equal
to or greater than 1/

√
2, that is, 0.707.

M =
1√

(1− u2)2 + (2ζu)2

Let ub = normalized bandwidth = ωb
ωn

Then,

M =
1√(

1− u2b
)2

+ (2ζub)
2

=
1√
2

or (
1− u2b

)2
+ (2ζub)

2 = 2

or
1 + u4b − 2u2b + 4ζ2u2b = 2

or
u4b − 2u2b + 4ζ2u2b + 1 = 2
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CORRELATION BETWEEN TIME RESPONSE AND
FREQUENCY RESPONSE

Let u2b = x, then
x2 − 2x+ 4ζ2x+ 1 = 2

or
x2 − 2x

(
1− 2ζ2

)
− 1 = 0

x =
2
(
1− 2ζ2

)
±
√

4 (1− 2ζ2)2 + 4

2
or

x = 1− 2ζ2 ±
√

1− 4ζ2 + 4ζ4 + 1
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CORRELATION BETWEEN TIME RESPONSE AND
FREQUENCY RESPONSE

or
x = 1− 2ζ2 ±

√
2− 4ζ2 + 4ζ4

or
u2b = 1− 2ζ2 ±

√
2− 4ζ2 + 4ζ4

or

ub =

√
1− 2ζ2 ±

√
2− 4ζ2 + 4ζ4

As ub = ωb
ωn

ωb = ubwn = ωn

√
1− 2ζ2 +

√
2− 4ζ2 + 4ζ4

ωb is the denormalized bandwidth.
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Concept of Controllers



Introduction

• In control systems, a controller is a mechanism that seeks to minimize
the difference between the actual value of a system (i.e. the process
variable) and the desired value of the system (i.e. the setpoint).
Controllers are a fundamental part of control engineering and used in
all complex control systems.



Important uses of the Controllers 

• Controllers improve the steady-state accuracy by decreasing the
steady state error.

• As the steady-state accuracy improves, the stability also improves.
• Controllers also help in reducing the unwanted offsets produced by

the system.
• Controllers can control the maximum overshoot of the system.
• Controllers can help in reducing the noise signals produced by the

system.
• Controllers can help to speed up the slow response of an

overdamped system.



Types of Controllers

In the continuous controller theory, there are three basic modes on 
which the whole control action takes place, which are:
• Proportional controllers.
• Integral controllers.
• Derivative controllers.
These three types of controllers can be combined into new controllers:
• Proportional and integral controllers (PI Controller)
• Proportional and derivative controllers (PD Controller)
• Proportional integral derivative control (PID Controller)



Proportional controllers

To discuss proportional controllers, as the name suggests in a
proportional controller the output (also called the actuating signal) is
directly proportional to the error signal. Now let us analyze the
proportional controller mathematically. As we know in proportional
controller output is directly proportional to the error signal, writing this
mathematically we have, here proportionality constant is called as
proportional controller Kp



Proportional controllers





Advantages of Proportional Controller

• Now let us discuss some advantages of the proportional controller.
• The proportional controller helps in reducing the steady-state error, 

thus makes the system more stable.
• The slow response of the overdamped system can be made faster 

with the help of these controllers.



Disadvantages of Proportional Controller

Now there are some serious disadvantages of these controllers 
and these are written as follows:
1.Due to the presence of these controllers, we get some offsets in 

the system.
2.Proportional controllers also increase the maximum overshoot 

of the system.



Integral Controllers
• As the name suggests in integral controllers the output (also called the 

actuating signal) is directly proportional to the integral of the error signal. 

• Where K/s (Ki) is an integral constant also known as controller gain. The 
integral controller is also known as reset controller.





Advantages of Integral Controller

• Due to their unique ability, Integral Controllers can return the
controlled variable back to the exact set point following a disturbance
that’s why these are known as reset controllers.



Disadvantages of Integral Controller

• It tends to make the system unstable because it responds slowly 
towards the produced error.



Derivative Controllers

• It should be used in combinations with other modes of controllers 
because of its few disadvantages which are written below:

• It never improves the steady-state error.
• It produces saturation effects and also amplifies the noise signals 

produced in the system.
• Now, as the name suggests in a derivative controller the output (also 

called the actuating signal) is directly proportional to the derivative of 
the error signal.





Advantages of Derivative Controller

• The major advantage of a derivative controller is that it improves the 
transient response of the system.



Proportional and Integral Controller

• As the name suggests it is a combination of proportional and an
integral controller the output (also called the actuating signal) is equal
to the summation of proportional and integral of the error signal.

• Through the PI controller, we are adding one pole at origin and one
zero somewhere away from the origin (in the left-hand side of
complex plane).

• As the pole is at the origin, its effect will be more, hence PI controller
may reduce the stability; but its main advantage is that it reduces
steady-state error drastically, due for this reason it is one of the most
widely used controllers.





Proportional and Derivative Controller

• As the name suggests it is a combination of proportional and a
derivative controller the output (also called the actuating signal) is
equals to the summation of proportional and derivative of the error
signal.

• Generally, it is said, PD controller improves transient performance and
the PI controller improves the steady-state performance of a control
system.
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Compensator

Compensator is an additional component or circuit that is inserted into
a control system to equalize or compensate for a deficient performance.
Necessities of compensation
1. In order to obtain the desired performance of the system, we use com-
pensating networks. Compensating networks are applied to the system
in the form of feed forward path gain adjustment.
2. Compensate a unstable system to make it stable.
3. A compensating network is used to minimize overshoot.
4. These compensating networks increase the steady state accuracy of
the system. An important point to be noted here is that the increase in
the steady state accuracy brings instability to the system.
5. Compensating networks also introduces poles and zeros in the system
thereby causes changes in the transfer function of the system. Due to
this, performance specifications of the system change.
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Types of Compensator

Series or Cascade compensation
Parallel or feedback compensation
Combined Cascade and feedback compensation or Series parallel com-
pensator
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Series or Cascade compensation

Compensator can be inserted in the forward path as shown in fig below.
The transfer function of compensator is denoted as Gc(s), whereas that
of the original process of the plant is denoted by G(s).
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Parallel or feedback compensation

The feedback is taken from some internal element and compensator is
introduced in such a feedback path to provide an additional internal
feedback loop. Such compensation is called feedback compensation or
parallel compensation. The arrangement is shown in fig.
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Combined Cascade and feedback compensation or Series
parallel compensator

In some cases, it is necessary to provide both types of compensations,
series as well as feedback. Such a scheme is called series – parallel com-
pensation. The arrangement is shown in fig. below.
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Compensating Network

A compensating network is one which makes some adjustments in order
to make up for deficiencies in the system. Compensating devices are
may be in the form of electrical, mechanical, hydraulic etc. Most electri-
cal compensator is RC filter. The simplest networks used for electrical
compensator are Lead compensator – (to speed up transient response,
margin of stability and improve error constant in a limited way) Lag com-
pensator – (to improve error constant or steady-state behavior – while
retaining transient response) Lead – Lag compensator – (A combination
of the above two i.e. to improve steady state as well as transient)
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Phase Lead Compensation

A system which has one pole and one dominating zero (the zero which is
closer to the origin than all orver zeros is known as dominating zero.) is
known as lead network. The basic requirement of the phase lead network
is that all poles and zeros of the transfer function of the network mast
lie on (-)ve real axis interlacing each other with a zero located at the
origin of nearest origin. Given below is the circuit diagram for the phase
lead compensation network.
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Phase Lead Compensation

Phase Lead Compensation Network Transfer Function

= Gc(s) = e0(s)
ec(s)

e0(s)
ei(s)

= R2

R2+
R1×

1
Cs

R1+
1
Cs

=
R2

R2 + R1
R1cs+1

=
R2 (R1Cs+ 1)

R1 +R2 (R1Cs+ 1)

e0(s)
ei(s)

= R2(R1Cs+1)
R1+R2(R1Cs+1)

e0(s)
ei(s)

= R2(R1Cs+1)
R1R2Cs+R1+R2

= R2
R1+R2

[
R1Cs+1

1+
R2

R1+R2
R1Cs

]
= α

[
1+Ts
1+αTs

]
−−−−−

−−−−−(1) Where α = R2
n1+π2

< 1 T = R1C
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Phase Lead Compensation

Equation 1 can be written in the form of

Gc(s) =
αT
(
s+ 1

T

)
αT
(
s+ 1

αT

)
Gc(s) =

(
s+ 1

T

)
s+ 1

αT

)
=
s+ Zc
S + Pc

Where Zc =
1

T
and Pc =

1

αT
Let us draw the pole zero plot for the above transfer function.

Pole Zero Plot of Lead Compensating Network Zero is closer to origin
so phase lead component is zero dominant.
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Phase Lead Compensation

The sinusoidal transfer function of the lead network is obtained by
substituting S − jω in equation 1 Gc(jω) = e0(jω)

ei(jω)
= α(1+jωT )

(1+jωωT ) Let

|Gc(jω) = ∅ =| ω0(jω)
ec(jω)

∅ =
⌊
Gc(jω) = tan−1 ωT − tan−1 ωωαT −−−−2

as α < 1 we have,
tan−1 ωαT < tan−1 ωT

Φ is always positive Therefore the output voltage always lead the input
voltage in above network. Hence the above network is called lead network
Effect of Phase Lead Compensation
1. The velocity constant Ks increases.
2. The slope of the magnitude plot reduces at the gain crossover fre-
quency so that relative stability improves and ercor decrease due to
error is directly proportional to the slope.
3. Phase margin increases.
4. Response becomes faster.
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Phase Lead Compensation

Advantages of Phase Lead Compensation
1. Due to the presence of phase lead network the speed of the system
increases because it shifts gain crossover frequency to a higher value.
2. Due to the presence of phase lead compensation maximum overshoot
of the system decreases.
Disadvantages of Phase Lead Compensation
1. Steady state error is not improved.
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Phase Lag Compensation

A system which has one zero and one dominating pole ( the pole which
is closer to origin that all other poles is known as dominating pole) is
known as lag network. The basic requirement of the phase lag network
is that all poles and zeros of the transfer function of the network must
lie in (-)ve real axis interlacing each other with a pole located or on the
nearest to the origin. Given below is the circuit diagram for the phase
lag compensation network.
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Phase Lag Compensation

Transfer Function

Transfer Function = Gc(s) =
e0(s)

ei(s)

e0(s)
ei(s)

=
[R2+

1
Cs ]l(s)

[R1+R2+
1
Cs ]I(s)

= R2Cs+1
1+(R1+R2)Cs
R2Cs+1

1+
(

R1+R2
R2

)
R2Cs

Let τ −R2C and β = R1+R2
R2

> 1

Gc(s) =
1 + st

1 + βst
−−−−−−− 1

Gc(s) =
e0(s)

ei(s)
=

1

β

[
s+ 1

τ

s+ 1
βτ

]
=

1

β

[
s+ Zc
s+ Pc

]
Where Zc =

1

τ
and Pc =

1

tβ
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Phase Lag Compensation

The pole zero location of the lag network is as shown in figure below.

To obtain sinusoidal transfer function we put s-jw in the equation 1

Gc(jω) =
e0(jω)

el(jω)
=

1 + jωt

1 + jωβt

If ∅m−1σ(jω) then

∅ =
⌊
Gc(jω) = tan−1 ωτ − tan−1 ωβt−−−−2

Since β > 1, tan−1 ωβt > tan−1 ωt Or φa is negative Therefore the out-
put voltage lags the input voltage. Hence the name lag Network.
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Phase Lag Compensation

Effect of Phase Lag Compensation
1. Gain crossover frequency increases.
2. Bandwidth decreases.
3. Phase margin will be increase.
4. Response will be slower before due to decreasing bandwidth, the rise
time and the settling time become larger.
Advantages of Phase Lag Compensation
Let us discuss some of the advantages of phase lag compensation -
1. Phase lag network allows low frequencies and high frequencies are
attenuated.
2. Due to the presence of phase lag compensation the steady state
accuracy increases.
Disadvantages of Phase Lag Compensation
Some of the disadvantages of the phase lag compensation -
1. Due to the presence of phase lag compensation the speed of the system
decreases.
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Phase Lag Lead Compensation

With single lag or lead compensation may not satisfied design specifica-
tions. For an unstable uncompensated system, lead compensation pro-
vides fast response but does not provide enough phase margin whereas
lag compensation stabilize the system but does not provide enough band-
width. So we need multiple compensators in cascade. Given below is
the circuit diagram for the phase lag- lead compensation network.
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Phase Lag Lead Compensation

Now let us determine transfer function for the given network and the
transfer function can be determined by finding the ratio of the output
voltage to the imput voltage.

Gc(s) =

(
s+ 1

τ1

)
(
s+ 1

βτ1

)(
s+ 1

ατ2

) α < 1, β > 1

Gc(s) =
(1 + sτ1) (1 + sτ2) /τ1τ2)

s2 + s
(

1
βτ1

+ 1
ατ2

)
+ 1

αβτ1τ2

=
(1 + sτ1) (1 + sτ2)

τ1τ2s2 + s
(
τ1
α + τ2

β

)
+ 1

αβ

−−−−−−−−− 1
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Phase Lag Lead Compensation

We have,

e0(s) =

[
R2 +

1

C2s

]
I(s)

ei(s) =

[
R1

1
C1s

R1 + 1
C1s

+R2 +
1

C2s

]
I(s)

ei(s)

βeo(s)
=

R1

R1C1s+ 1
+R2 +

1

C2s

]
e1(s)

ee(s)
=
R1C1s+ (R2C2s+ 1) (R1C1s+ 1)

(R1C1s+ 1) (R2C2s+ 1)(
Gc(s) =

R1C1s+ 1) (R2C2s+ 1)

R1R2C1C2s2 + s (R1C1 +R2C2 +R1C2) + 1
−−−−2
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Phase Lag Lead Compensation

Comparing equation 1 and 2

τ1 = R1C1 and τ2 = R2C2

τ1
α

+
τ2
β

= R1C1 +R2C2 +R1C2

1

αβ
= 1 therefore αβ = 1

A single lag- lead network doesnot permit an independent choice of α
and β

Gc(s) =

(
s+ 1

τ1

)
(
s+ 1

βτ1

) −
(
s+ 1

τ2

)
(
s+ 1

βτ2

) means
1

α
= β and β > 1
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Phase Lag Lead Compensation

The pole zero location of the lag network is as shown in figure below.

Advantages of Phase Lag Lead Compensation
Let us discuss some of the advantages of phase lag- lead compensation-
1. Due to the presence of phase lag-lead network the speed of the system
increases because it shifts gain crossover frequency to a higher value.
2. Due to the presence of phase lag-lead network accuracy is improved.
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Bode plot of Lead Compensation

The Bode diagram of the lead compensator is shown in figure. The
phase-lead of the above compensator at any frequency ω is given by

φ = tan−1 ωτ − tan−1 αωτ

tanφ = ωτ−αωτ
1+ωτ ·αωτ = ωτ(1−α)

1+αω2τ2
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Bode plot of Lead Compensation

The frequency at which maximum phase-lead occurs ωm is given by the
solution of dφ

dω = 0, i.e. i.e.

d

dω

(
ωτ(1− α)

1 + αω2τ2

)
= 0

or (
1 + αω2τ2

)
(1− α)τ − ωτ(1− α)

(
2αωτ2

)
= 0

i.e.

ωm =
1

τ
√
α

=
√

(1/τ)(1/ατ)

So, ωm is the geometric mean of the two corner frequencies of the com-
pensator. At ω = ωm, the maximum phase-lead φm is given by

tanφm =
ωmτ(1− α)

1 + αω2
mτ

2
=

1
τ
√
α
· τ · (1− α)

1 + α · 1
τ2α
· τ2

= (1− α)/2
√
α

or

sinφm =
1− α
1 + α

Cross multiplying and solving for α.

sinφm + α sinφm = 1− α
α (1 + sinφm) = 1− sinφm

α =
1− sinφm
1 + sinφm

The magnitude of Gc(jω) at ω = ωm, the frequency of maximum phase-
lead, is

|Gc (jωm)| =
∣∣∣∣ 1 + jωmτ

1 + jαωmτ

∣∣∣∣ = 1/
√
α

Given the maximum phase-lead φm expected of a lead compensator, the
attenuation factor can be calculated based on the equation α = 1−sinφm

1+sinφm
.
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Compensation design

Compensation design can be carried out in time-domain or frequency-
domain. The specifications in time-domain are generally given in the
following form:
1. Damping ratio ξ
2. Peak overshoot Mp-indicative of the relative stability
3. Undamped natural frequency ωn
4. Rise time tr or settling time ts-indicative of speed of response
5. Error constant ess-indicative of steady-state error
Frequency-domain specifications are generally given in the following form.
1. Phase margin φpm or resonant peak Mr-indicative of relative stability
2. Bandwidth ωb or resonant frequency ωr-indicative of rise time and
settling time
3. Error constant indicative of steady-state error
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Compensation design

The design in time-domain is carried out using the root locus and the
design in frequency domain is carried out using the Nyquist plots, Bode
plots, or Nichols chart. Design in time is tedious. So, usually the given
time-domain specifications are usually first converted into frequency-
domain specifications using second-order correlations between time and
frequency responses, the design and compensation is carried out in frequency-
domain and then the results are back converted into time domain. The
correlations discussed earlier are as follows:

Mr =
1

2ξ
√

1− ξ2

ωr = ωn
√

1− 2ξ2

φpm = tan−1
{

2ξ/
[√

(1 + 4ξ4)− 2ξ2
]1/2}

ωb = ωn

[
1− 2ξ2 +

√
(2− 4ξ2 + 4ξ4)

]1/2
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Compensation design

The specifications in terms ofMr and ωr are convenient for compensation
using the Nyquist plots. When phase margin is specified, the Bode plots
are more convenient. Gain crossover frequency ωg can be used as a rough
measure of bandwidth ωb. When the Nichols charts are used any type
of specification can be handled.
The advantages of frequency-domain compensation are as follows:
1. Simplicity in analysis and design
2. Ease in experimental determination of frequency response for real
systems
The disadvantage of frequency-domain compensation is that direct con-
trol on system performance is lost.
Even though frequency-domain compensation can be carried out using
the Nyquist plots, Bode plots or Nichols chart, the compensation is
normally carried out by using the Bode plots because of the following:
1. The Bode plots are easier to draw and modify.
2. The gain adjustment can be conveniently carried out using the Bode
plots.
3. The error constants are always clearly in evidence when the Bode
plots are used. Of course the Nichols charts can be used to check the
values of Mn, ωn, and ωb wherever necessary.
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Steps for Lead Compensation design

The lead compensator is basically a high-pass filter. The design pro-
cedure for a lead compensator given below is quite general and applies
to any type and order of a system. Step 1. Adjust the system error
constant to the desired value. Determine the open-loop gain K required
to satisfy the specified error constant.
Step 2. Using this value of K draw the magnitude and phase Bode plots
and determine the phase margin φpm1 and gain crossover frequency ωg1
of the uncompensated system. If the phase margin of the uncompen-
sated system φpm1 is not satisfactory, proceed with the following steps
to design a lead compensator.
Step 3. Determine the phase-lead φ/required using the relation

φl = φs − φpm1 + ε

where φs is the required (specified) phase margin, φpm1 phase margin of
the fixed part of the system (i.e. the uncompensated system); and ε is
margin of safety.
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Steps for Lead Compensation design

step 4. Let φm = φl and determine the α parameter of the network using
formula

α =
1− sinφm
1 + sinφm

If the required φm is more than 60◦, it is recommended to use two identi-
cal networks each contributing a maximum lead of φV /2. (It is because
in order to provide a phase-lead of φ1 at the new gain crossover frequency
ωg2 with the largest value of α, the frequency of maximum phase-lead
ωm of the network must be made to coincide with ωg2. Thus we get
ωg2 = ωm )
Step 5. Calculate the dB-gain 10 log(1/α). Locate the frequency at
which the uncompensated system has a gain of −10 log(1/α). This is the
frequency ωg2 = ωm of the compensated system.
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Steps for Lead Compensation design

step 6. Compute the two corner frequencies of the network as

ω1 = 1/τ = ωm
√
α;ω2 = 1/ατ = ωm/

√
α

With those values of ω1 and ω2, the design is complete and the lead
compensator transfer function can be written as

Gc(s) =
1 + τs

1 + ατs

step7. Draw the magnitude and phase bodeplot of the compensated sys-
tem and check the resulting phase margin and gain crossover frequency
(it is a rough measure of bandwidth of the system), if the phase margin
is still low raise the value of ε and repeat from step 3 above.
step8. Check any addition specifications on the system performance
eg. bandwidth, redesign for another choice of crossover frequency till
specifications meet.
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STATE SPACE ANALYSIS



Introduction
• State space analysis is an powerful and modern approach for the design 

and analysis of control systems.

• The conventional or old methods for the design and analysis of control 
systems is based on transfer function method. 

• The transfer function method for design and analysis had many drawbacks
such as..

– Transfer function is defined under zero initial conditions

– Applicable to LTI systems

– SISO systems

– Does not provide the information regarding internal state of 
the system

• Initial conditions can be incorporated in the system design

• State equations are highly compatible for simulation on analog or digital 
computers 



Advantages of state variable analysis. 

This can be applicable to 

• Linear systems

• Non-linear system 

• Time variant systems 

• Time invariant systems 

• Multiple input multiple output systems 

• This gives idea about the internal state of the 
system 



Concept

The output not only depends on the input applied to the 
system for t > t0, but also on the initial conditions at time t = t0

y(t) = y(t)│ t=t0 + y(t)│ t≥t0

` ∞−׬ =
t
0 y t t׬ +

0

t
y(t)

= y(t0) + ׬
0

t
y(t)

The term y(t0) is called the state of the system. 
The variable that represents this state of the system is called 
the state variable

Output
SYSTEM

Input

r(t) y(t)



Definitions
State: The state of a dynamic system is the smallest set of 
variables called state variables such that the knowledge of 
these variables at time t = to (Initial condition), together 
with the knowledge of input for t ≥ 𝑡0 , completely 
determines the behavior of the system for any time 𝑡 ≥ 𝑡0 .

State Variables: A set of variables which describes the 
system at any time instant are called state variables

State vector: A vector whose elements are the state 
variables

State space: The n-dimensional space whose co-ordinate 
axes consists of the x1 axis, x2 axis,.... xn axis, (where x1 , x2

,..... xn are state variables:) is called a state space.



Illustration

Consider the circuit shown in figure

i(t) = C 
dv

c
(t)

dt

Vc(t) = 
1

𝐶
∞−׬
t

i t dt

= 
1

𝐶
∞−׬
t
0 i t dt + 

1

C
t׬

0

t
i t dt

= Vc(t0) + Vc(t)

Vc(t0) = initial voltage across capacitor

The voltage across capacitor can be taken as a 
state variable



Consider the circuit shown in figure

VL(t) = L 
di(t)

dt

iL(t) = 
1

𝐿
∞−׬
t

VL(t)dt

= 
1

𝐿
∞−׬
t
0 VL(t) dt + 

1

L
t׬

0

t
VL(t) dt

= VL(t0) + VL(t)

VL(t0) = initial voltage across Inductor

The current through inductor can be taken as a 
state variable

i(t)

L VL(t)



State Model
consider a multi-input & multi-output system is having 

m inputs 𝑢1(𝑡) , 𝑢2(𝑡) ,…….𝑢m(𝑡) 

p outputs 𝑦1(𝑡) , 𝑦2(𝑡) ,…….𝑦p(𝑡) 

n state variables 𝑥1(𝑡) , 𝑥2(𝑡),…….𝑥𝑛(𝑡) 

The different variables may be represented by the vectors as shown below 

Input vector  U(t) = 

u1(t)
u2(t)
. .

um(t)

; Output vector Y(t) =  

y1(t)
y2(t)
. .

yp(t)

State variable vector X(t) = 

x1(t)
x2(t)
. .

xn(t)



State Equations
The state variable representation can be arranged 
in the form of n number of first order differential 
equations as shown below:
dx

1

dt
= ሶx1 = f1(x1,x2,….xn ; u1,u2…..um)

dx
2

dt
= ሶx2 = f1(x1,x2,….xn ; u1,u2…..um)

……
……
dx

n

dt
= ሶxn = f1(x1,x2,….xn ; u1,u2…..um)

In vector notation, ሶX(t)= f(X(t),U(t))
Similarly the output vector Y(t) = f(X(t),U(t))



State Model of Linear System
The state model of a system consist of state equation and output 
equation.

The state equation of a system is a function of state variables 
and inputs.

For LTI systems, the first derivatives of state variables can be 
expressed as a linear combination of sate variables and inputs

ሶx1 = a11x1+a12x2+----+a1nxn + b11u1+b12u2+---+b1mum

ሶx2 = a21x1+a22x2+----+a2nxn + b21u1+b22u2+---+b2mum

---

---

ሶxn= an1x1+an2x2+----+annxn + bn1u1+bn2u2+---+bnmum

where the coefficients aij and bij are constants



In the matrix form, 

ሶx1
ሶx2
.
.
ሶxn

= 

a11
a21
.

⋯
a1n
a2n
.

⋮ ⋱ ⋮
an1 ⋯ ann

x1
x2
. .
. .
xn

+ 

b11
b21
.

⋯
b1m
b2m
.

⋮ ⋱ ⋮
bn1 ⋯ bnm

u1
u2
. .
. .
um

Ẋ(t) = A X(t) + B U(t)……… state equation 
where, A is state matrix of size (n×n)

B is the input matrix of size (n×m) 
X(t) is the state vector of size (n×1)
U(t) is the input vector of size (m×1) 



Output equation
The output at any time are functions of state 
variables and inputs.

output vector, Y(t) = f(x(t), U(t))
Hence the output variables can be expressed as a 
linear combination of state variables and inputs.
y1= c11x1+c12x2+----+c1nxn + d11u1+d12u2+---+d1mum

y2 = c21x1+c22x2+----+c2nxn + d21u1+d22u2+---+d2mum

---
---

yp= cp1x1+cp2x2+----+cpnxn + dp1u1+dp2u2+---+dpmum

where the coefficients cij and dij are constants



In the matrix form,

𝑦1
𝑦2
. .
. .
𝑦𝑝

= 

c11
c21
.

⋯
c1n
c2n
.

⋮ ⋱ ⋮
cp1 ⋯ cpn

x1
x2
. .
. .
xn

+ 

d11
d21
.

⋯
d1m
d2m
.

⋮ ⋱ ⋮
dp1 ⋯ dpm

u1
u2
. .
. .
um

Y(t) = C X(t) + D U(t)………….. output equation 

where, C is the output matrix of size (p×n) 

D is the transmission matrix of size (p×m)

X(t) is the state vector of size (n×1)

Y(t) is the output vector of size (p×1) 

U(t) is the input vector of size (m×1) 



State Model

Ẋ(t) = A X(t) + B U(t) state equation

Y(t) = C X(t) + D U(t) output equation 



Selection of state variables
• The state variables of a system are not unique.
• There are many choices for a given system
Guide lines:
1. For a physical systems, the number of state variables 

needed to represent the system must be equal to the 
number of energy storing elements present in the system

2. If a system is represented by a linear constant  coefficient 
differential equation, then the number of state variables 
needed to represent the system must be equal to the 
order of the differential equation

3. If a system is represented by a transfer function, then the 
number of sate variables needed to represent the system 
must be equal to the highest power of s in the 
denominator of the transfer function. 



State space Representation using Physical variables

• In state-space modeling of the systems, the 
choice of sate variables is arbitrary.  

• One of the possible choice is physical 
variables. 

• The state equations are obtained from the 
differential equations governing the system



State Space Model 

Consider the following series of the RLC circuit. 
It is having an input voltage vi(t) and the current 
flowing through the circuit is i(t). 



• There are two storage elements (inductor and 
capacitor) in this circuit. So, the number of the 
state variables is equal to two.

• These state variables are the current flowing 
through the inductor, i(t) and the voltage 
across capacitor, vc(t). 

• From the circuit, the output voltage, v0(t) is 
equal to the voltage across capacitor, vc(t). 



Y(t) = v0(t) = vc(t)

Apply KVL around the loop,

Vi(t) = R i(t) + L 
di(t)

dt
+ vc(t)

ሶ𝑖 𝑡 =
di(t)

dt
=  -

R

L
i(t) -

1

L
vc(t) + 

1

L
Vi(t)

The voltage across the capacitor is 

vc(t) = 
1

c
׬ i t dt

Differentiate the equation with respect to time,
ሶ𝑣𝑐 𝑡 =

dv
c
(t)

dt
= 
i(t)

c

State vector, X = 
i(t)
vc(t)

; Differential state vector, ሶX = 

di(t)

dt
dv

c
(t)

dt



Arrange the differential equations and output equation into standard 
form of state space model as,

ሶX = 

di(t)

dt
dv

c
(t)

dt

= 

−R

L

−1

L
1

C
0

i(t)
vc(t)

+ 
1

L

0
vi(t)

Y = 0 1
i(t)
vc(t)

Ẋ(t) = A X(t) + B U(t)

Y(t) = C X(t) + D U(t)

Here A =  

−R

L

−1

L
1

C
0

;      B = 
1

L

0
; C = 0 1 ; D = [0]



Problem

Represent the electrical circuit shown by a state 
model



Solution

Since there are three energy storing elements,  choose 
three state variables to represent the systems

The current through the inductors i1,i2 and voltage 
across the capacitor vc are taken as state variables

Let the three sate variables be x1, x2 and x3 be related 
to physical quantities as shown

Let, i1 = x1,

i2 = x2,

vc = x3



Applying KVL to loop 1,

L1 
di

1
(t)

dt
+ R1i1(t) + u(t) – vc(t) = 0

⟹ L1
dx

1
(t)

dt
+ R1x1(t) + u(t) – x3(t) = 0

⟹ L1 ሶx1(t) + R1x1(t) + u(t) – x3(t) = 0

⟹ ሶx1(t) =  -
R1

L1
x1(t) + 

1

L1
x3(t) -

1

L1
u(t)-------(1)

Applying KVL to loop 2,

L2 
di

2
(t)

dt
+ R2i2(t) – vc(t) = 0

⟹ L2
dx

2
(t)

dt
+ R2x2(t) – x3(t) = 0

⟹ L2 ሶx2(t) + R2x2(t) – x3(t) = 0

⟹ ሶx2(t) =  -
R2

L2
x2(t) + 

1

L2
x3(t) ------------------(2)



Applying KCL at node vc(t),

i1(t) + i2(t) + C 
dv

c
(t)

dt
= 0

⟹ x1(t) + x2(t) + C 
dx

3
(t)

dt
= 0

⟹ ሶx3(t) = -
1

C
x1(t) -

1

C
x2(t) --------------(3)

Putting 1, 2and 3 in matrix form,

ሶx1(t)
ሶx2(t)
ሶx3(t)

=  

−
R1

L1
0

1

L1

0 −
R2

L2

1

L2

−
1

C
−

1

C
0

x1(t)
x2(t)
x3(t)

+ 
−

1

L1
0
0

u(t)

This is State Equation



y(t) = R2i2(t) = R2x2(t)

y(t) = 0 R2 0

x1(t)
x2(t)
x3(t)

This is output equation



Problem
Obtain the state model for a system represented 
by an electrical system as shown in figure



Solution
Since there are two energy storage elements 
present in the system, assume two state 
variables to describe the system behavior. 

Let the two state variables be x1 and x2 be 
related to physical quantities as shown

Let v1(t) = x1(t)

v2(t) = x2(t)



Applying KCL at node v1(t),

v
1
t −u(t)

R
+ C 

dv
1
(t)

dt
+ 
v
1
t −v

2
(t)

R
= 0

⟹
x
1
t −u(t)

R
+ C 

dx
1
(t)

dt
+ 
x
1
t −x

2
(t)

R
= 0

⟹
2x

1
t

R
-
u(t)

R
+ C ሶx1(t) -

x
2
(t)

R
= 0

⟹ ሶx1(t) =  -
2x

1
t

RC
+
x
2
(t)

RC
+ 
u(t)

RC
------------(1)



Applying KCL at node v2(t),

C 
dv

2
(t)

dt
+ 
v
2
t −v

1
(t)

R
= 0

⟹ C 
dx

2
(t)

dt
+ 
x
2
t −x

1
(t)

R
= 0

⟹ C ሶx2(t) -
x
1
(t)

R
+ 
x
2
t

R
= 0

⟹ ሶx2(t)=  
x
1
t

RC
-
x
2
(t)

R𝐶
----------(2)



putting 1 and 2 in matrix form,

ሶx1(t)
ሶx2(t)

=

−2

RC

1

RC
1

RC

−1

RC

x1(t)
x2(t)

+ 
1

RC

0
u(t)

This is the state equation

The output of the circuit is given by 

y(t) = v2(t)

= x2(t)

= 0 1
x1(t)
x2(t)

This is the output equation



Problem
Represent the electrical network by a state 
equation



State representation using Phase variables

• The phase variables are defined as those particular 
state variables which are obtained from one of the 
system variables and its derivatives.

• Usually the variables used is the system output and 
the remaining state variables are then derivatives of 
the output.

• The state model using phase variables can be easily 
determined if the system model is already known in 
the differential equation or transfer function form.  



Consider the following nth order linear differential equation relating the 
output y(t) to the input u(t) of a system. 

dny

dtn
+ 𝑎1

d𝑛−1𝑦
dt𝑛−1 + 𝑎2

d𝑛−2𝑦
dt𝑛−2 +-----+ 𝑎𝑛−1

dy

dt
+ 𝑎𝑛𝑦 = u

Let us define the state variables as 
𝑥1 = 𝑦

𝑥2 = 
dy

dt
= 
𝑑𝑥1

𝑑𝑡

𝑥3 = 
d2y

dt2
= 
dẏ

dt
= 
𝑑𝑥2

𝑑𝑡
⋮ ⋮ ⋮

𝑥𝑛= 
d𝑛−1𝑦
dt𝑛−1 = 

𝑑𝑥𝑛−1

𝑑𝑡
From the above equations we can write 

ሶx1= 𝑥2

ሶx2 = 𝑥3

⋮ ⋮
ሶx𝑛−1 = 𝑥𝑛
ሶx𝑛 + 𝑎1𝑥𝑛 + …..+ 𝑎 𝑛−1𝑥2  +𝑎𝑛𝑥1  = 𝑢

ሶx𝑛 = − 𝑎𝑛𝑥1 − 𝑎 𝑛−1𝑥2……..−𝑎1𝑥𝑛+ 𝑢



writing the above state equation in vector matrix form, 

ሶX(t) = AX(t) + Bu(t) 

ሶx1
ሶx2

.
ሶx𝑛

= 

0
0

⋯
0
0

⋮ ⋱ ⋮
−𝑎𝑛 ⋯ −𝑎1

x1
x2

.
x𝑛

+ 

0
0
.
1

[u]

Output equation can be written as

Y(t) = C X(t)= 1 0 0 . .

x1
x2

.
x𝑛



Problem
Construct a state model for a system characterized 
by the differential equation,

d3y

dt3
+ 6 

d2y

dt2
+ 11 

dy

dt
+ 6y + u = 0

Also give the block diagram representation of the 
state model

Solution: Let us choose y and their derivatives as 
state variables.  The system is governed by third 
order differential equation, so the number of state 
variables required are three.



Let the state variables x1, x2 and x3 are related to 
phase variables as follows.

x1 = y

x2 = 
dy

dt
= ሶx1

x3 = 
d2y

dt2
= 
dx

2

dt
= ሶx2

Put y = x1, 
dy

dt
= x2, 

d2y

dt2
= x3 and 

d3y

dt3
= ሶx3 in the 

given equation

∴ ሶx3+ 6x3 + 11x2 + 6x1 + u = 0

⟹ ሶx3 = - 6x1- 11x2 - 6x3 - u 



The state equations are 

ሶx1 = x2

ሶx2 = x3

ሶx3 = - 6x1- 11x2 - 6x3 - u 

Arranging the state equations in the matrix form,

ሶx1
ሶx2
ሶx3

= 
0 1 0
0 0 1
−6 −11 −6

x1
x2
x3

+ 
0
0
−1

[u]

Here y = output

But y = x1

∴ The output equation is , y = [1   0   0]
x1
x2
x3



The block diagram for the state model is



Problem
Represent the differential equation given below 
in a state model

d3y

dt3
+ 
d2y

dt2
+ 6 

dy

dt
+7y = 2u(t)

Solution:

Since, the given equation is a third-order 
differential equation, choose three state 
variables to represent the system 



Let y(t)  = x1(t)

ሶy(t) = x2(t)

ሷy(t) = x3(t)

where x1(t), x2(t), x3(t) are the state variables of 
the system.

y(t) = x1(t)

ሶy(t) = x2(t) = ሶx1(t) -----------(1)

ሷy(t) = x3(t) = ሶx2(t) -----------(2)



From the given diff. equation,

d3y

dt3
+ 
d2y

dt2
+ 6 

dy

dt
+7y = 2u(t)

ഺ𝑦 (t) + ሷ𝑦(t) + 6 ሶ𝑦(t) +7y = 2u(t)

ሶx3(t) + x3(t) + 6 x2(t) + 7 x1(t) = 2u(t) 

ሶx3(t) = -7 x1(t) - 6 x2(t) - x3(t) + 2u(t) ------(3)

ሶx2(t) = x3(t) ------(2) 

ሶx1(t) = x2(t) ------(1) 



Putting the above equations in matrix form,

ሶx1
ሶx2
ሶx3

= 
0 1 0
0 0 1
−7 −6 −1

x1
x2
x3

+ 
0
0
2

u(t)

This is the state equation

The output expression is  y(t) = x1(t)  

= 1 0 0
x1
x2
x3

This is the output equation



Problem

Obtain the state model for the signal flow graph 
given below:



Problem
Obtain the state model of the system whose transfer 
function is given by 

Y(s)

U(s)
= 

24

𝑠3+9𝑠2+26𝑠+24

Solution:
Y(s)

U(s)
= 

24

𝑠3+9𝑠2+26𝑠+24

Cross-multiplying yields

[s3+ 9s2+ 26s + 24] Y(s) = 24 U(s)

s3Y(s) + 9s2Y(s) + 26sY(s) + 24 Y(s) = 24U(s)

Taking inverse Laplace transforms,
d3y(t)

dt3
+ 9 

d2y(t)

dt2
+ 26

dy(t)

dt
+ 24 y(t) = 24u(t)

ഺy(t) + 9 ሷy(t) + 26 ሶy(t) + 24 y(t) = 24u(t)



Choosing the state variables as successive derivatives
x1(t) = y(t)

x2(t) = ሶy(t)

x3(t) = ሷy(t)

x1(t) = y(t)

ሶx1(t) = x2(t) = ሶy(t) -----(1)

ሶx2(t) = x3(t) = ሷ𝑦(t) -----(2)

ሶx3(t) = ഺ𝑦(t)

ഺy(t) + 9 ሷy(t) + 26 ሶy(t) + 24 y(t) = 24u(t)

ሶx3(t) + 9x3(t) + 26x2(t) + 24x1(t) = 24u(t)

ሶx3(t) = - 24x1(t) - 26x2(t) - 9x3(t) + 24u(t)------(3)



Putting equations 1, 2 and 3 in matrix form,

ሶx1
ሶx2
ሶx3

= 
0 1 0
0 0 1

−24 −26 −9

x1
x2
x3

+ 
0
0
24

[u]

The output expression is  y(t) = x1(t)  

= 1 0 0
x1
x2
x3



Matlab
Obtain the state model of the system whose 

transfer function is given by 
Y(s)

U(s)
= 

24

𝑠3+9𝑠2+26𝑠+24

using Matlab



Problem
Obtain the state model of the system whose transfer function is 

given by 
Y(s)

U(s)
= 

1

s2+s+1

Solution: 
Y(s)

U(s)
= 

1

s2+s+1

⟹ (s2 + s + 1)Y(s) = U(s)

s2 Y(s) + s Y(s) + Y(s) = U(s)

Taking inverse Laplace transform on both sides,

d2y(t)

dt2
+ 
dy(t)

dt
+ y(t) = u(t)

Let y(t) = x1

𝑑𝑦(𝑡)

𝑑𝑡
= x2 = ሶx1 and u(t) = u



Then the state equation is, ሶx2 = -x1-x2+u

The output equation is, y(t) = y = x1

The state space model is

ሶx = 
ሶx1
ሶx2

= = 
0 1
−1 − 1

x1
x2

+ 
0
1

[u]

Y= 1 0
x1
x2



Problem
Obtain the state model of the system whose 

transfer function is given by 
s2+7s+2

s3+9s2+26s+24

Solution:
Y(s)

U(s)
= 

s2+7s+2

s3+9s2+26s+24

Y(s)

U(s)
= 
Y(s)

C(s)
x 
C(s)

U(s)

Y(s)

C(s)
= s2+ 7s + 2 --------(1)

C(s)

U(s)
= 

1

s3+9s2+26s+24
-------(2)



Consider equation (2),
C(s)

U(s)
= 

1

s3+9s2+26s+24

Cross-multiplying on both sides,

[s3+ 9s2+ 26s + 24] C(s) = U(s)

s3 C(s) + 9s2 C(s) + 26s C(s) + 24 C(s) = U(s)

Taking inverse Laplace transform,

d3c(t)

dt3
+ 9 

d2c(t)

dt2
+ 26 

dc(t)

dt
+ 24 c(t) = u(t)

ഺc (t) + 9 ሷc(t) + 26 ሶc(t) +24 c(t) = u(t)

x1(t) = c(t)

ሶx1(t) = x2(t) = ሶc(t) -----(3)

ሶx2(t) = x3(t) = ሷc(t) -----(4)

ሶx3(t) = ഺc(t)



ഺc (t) + 9 ሷc(t) + 26 ሶc(t) + 24c(t) = u(t)

ሶx3(t) + 9 x3(t) + 26x2(t) + 24x1(t) = u(t)

ሶx3(t) = - 24x1(t) - 26x2(t) - 9 x3(t) + u(t) -----(5)

Putting equations 3, 4 and 5 in matrix form,

ሶx1
ሶx2
ሶx3

= 
0 1 0
0 0 1

−24 −26 −9

x1
x2
x3

+ 
0
0
1

[u]



Consider equation (1),

Y(s)

C(s)
= s2 + 7s + 2

Y(s) = [s2 + 7s + 2]C(s) 

Y(s) = s2C(s) + 7sC(s) + 2C(s) 

Taking inverse Laplace transform,

y(t) = ሷc(t) + 7 ሶc(t) +2c(t) 

y(t) = 2x1(t) + 7x2(t) + x3(t)

y(t) = 2 7 1
x1
x2
x3



Matlab
Obtain the state model of the system whose 

transfer function is given by 
s2+7s+2

s3+9s2+26s+24
using 

Matlab



Problem
A feedback system has a closed-loop transfer 

function 
Y(s)

U(s)
= 

2(s+5)

(s+2)(s+3)(s+4)

Solution: 
Y(s)

U(s)
= 

2(s+5)

(s+2)(s+3)(s+4)

By partial fraction expansion,
Y(s)

U(s)
= 

2(s+5)

(s+2)(s+3)(s+4)
= 

A

(s+2)
+ 

B

(s+3)
+ 

C

(s+4)

Solving for A, B and C

A = 3; B = - 4; C = 1 



Y(s)

U(s)
= 

2(s+5)

(s+2)(s+3)(s+4)
= 

3

(s+2)
-

4

(s+3)
+ 

1

(s+4)
-----(1)

=
3

s(1+2/s)
-

4

s(1+3/s)
+ 

1

s(1+4/s)

= 
1

s

(1+
1

s
∗2)

x 3  -
1

s

(1+
1

s
∗3)

x 4 + 
1

s

(1+
1

s
∗4)

∴ Y s = [
1

s

(1+
1

s
∗2)

x 3  -
1

s

(1+
1

s
∗3)

x 4 + 
1

s

(1+
1

s
∗4)

]u(s)

= [
1

s

(1+
1

s
∗2)

x 3]U(s)  - [
1

s

(1+
1

s
∗3)

x 4] U(s) + [
1

s

(1+
1

s
∗4)

]u(s) 



The equation can be represented by the block 
diagram as shown 

Assign state variables at the output of the 
integrators as shown.

At the input of the integrators , first derivative of 
the state variables are present.

The state equations are formed by adding all the 
incoming signals to the integrator and equating 
to the corresponding first derivative of state 
variables.



The state equations are

ሶx1 = -2x1 + u

ሶx2 = -3x2 + u

ሶx3 = -4x3 + u



The output equation is 

y = 3x1- 4x2 + x3

The State model is given by,

ሶx1

ሶx2

ሶx3

=
−2 0 0
0 −3 0
0 0 −4

x1
x2
x3

+ 
1
1
1

u

Y = 3 − 4 1
x1
x2
x3



Matlab
Find the state model for the transfer function 

2(s+5)

(s+2)(s+3)(s+4)
using Matlab



Solution of State Equation
S-Domain:

The State equation of  nth order system is given by,

ሶx(t) = A X(t) + BU(t);       X(0) = X0 = initial condition vector

Taking Laplace transforms on both sides,

S X(s)-X(0) = A X(s) + B U(s)

X(s)[sI-A] = X(0) + B U(s) where I = unit matrix

X(s) = [sI-A]-1 X(0) + [SI-A]-1 B U(s)  --------------(1)

Taking inverse Laplace transforms on both sides,

X(t) = L-1 [sI-A]-1 X(0) + L-1 [SI-A]-1 B U(s)

where L-1 [sI-A]-1 =∅(t) = state transition matrix 

[sI-A]-1 =∅(s) = Resolvent matrix

The solution of state equation is,

X(t) = ∅(t) X(0) + L-1 [∅(s). B U(s)]



The output equation is,
y(t) = C x(t) + D u(t)

Taking Laplace transforms on both sides,
Y(s) = C X(s) + D U(s)

From equation (1), X(s) = [sI-A]-1 X(0) + [SI-A]-1 B U(s) 
= C{[sI-A]-1 X(0) + [SI-A]-1 B U(s)} + D U(s)
= C[sI-A]-1 X(0) + C [SI-A]-1 B U(s) + D U(s)

For zero initial conditions, X(0) = 0
∴ Y(s) = C [SI-A]-1 B U(s) +D U(s)

= {C [SI-A]-1 B +D} U(s)

The transfer function = 
Y(s)
U(s)

= C [SI-A]-1 B + D



Problem
A state variable description of a system is given 
by the matrix equation,

ሶX = 
−1 0
1 −2

X + 
1
0

u

Y  = [ 1     1] X

Find (i) The Transfer function

(ii) The State transition matrix

(iii) State diagram 



Solution
The state model is given by

ሶX = A X + B U

Y = C X + D U

From the given problem, 

A = 
−1 0
1 −2

B = 
1
0

C = [ 1   1] 

(i) The transfer function =  
Y(s)

U(s)
= C [SI-A]-1 B + D

Here D =0

∴
Y(s)

U(s)
= C [SI-A]-1 B 



[sI-A] = s 
1 0
0 1

-
−1 0
1 −2

= 
s 0
0 s

-
−1 0
1 −2

= 
s + 1 0
−1 s + 2

[SI-A]-1 = 
Adj A

Det A
= 

s + 2 0
1 s + 1

1

(s+1)(s+2)

Y(s)

U(s)
= C [SI-A]-1 B 

= [1   1]
s + 2 0
1 s + 1

{
1

(s+1)(s+2)
}
1
0

= {
1

(s+1)(s+2)
} [1   1] 

s + 2 0
1 s + 1

1
0



Y(s)

U(s)
= {

1

(s+1)(s+2)
} [1   1] 

s + 2
1

= {
1

(s+1)(s+2)
} [s+3]

= 
s+3

(s+1)(s+2)

(ii) State transition matrix = ∅(t) = L-1 [sI-A]-1  

[SI-A]-1  =
s + 2 0
1 s + 1

1

(s+1)(s+2)

= 

s+2

(s+1)(s+2)

0

(s+1)(s+2)

1

(s+1)(s+2)

s+1

(s+1)(s+2)



[SI-A]-1 =

1

(s+1)
0

1

(s+1)(s+2)

1

(s+2)

∅(t) = L-1 [sI-A]-1 

= L-1 

1

(s+1)
0

1

(s+1)(s+2)

1

(s+2)

= L-1 

1

(s+1)
0

1

(s+1)
−

1

(s+2)

1

(s+2)

=    e−t 0
e−t − e−2t e−2t



(iii) State Diagram:

The state equation is,

ሶx1 = - x1 + u(t)

ሶx2 = x1 – 2x2 

The output equation is y = x1 + x2



Matlab

Find the transfer function using Matlab



Problem

The state equation of a LTI system is given as 

ሶx = 
0 5
−1 −2

X + 
1
1

u and y = [1   1] X

Determine (i) State transition matrix

(ii) The transfer function

(iii) State diagram



Solution
From the given system,

A = 
0 5
−1 −2

B= 
1
1

C= [1   1]

(i) The State transition matrix ,

∅(t) = L-1 [sI-A]-1  

[sI – A] = s
1 0
0 1

-
0 5
−1 −2

= 
s −5
1 s + 2

[sI-A]-1 = 
s + 2 5
−1 s

1

s s+2 +5
=  

s+2

s s+2 +5

5

s s+2 +5
−1

s s+2 +5

s

s s+2 +5



=  

s+1+1

s+1 2+22
5

s+1 2+22
−1

s+1 2+22

s

s+1 2+22

∅(t) = L−1 [sI−A]−1

= L-1 

s+1+1

s+1 2+22

5

s+1 2+22
−1

s+1 2+22

s+1−1

s+1 2+22

= 

e−t cos 2t +
1

2
e−t sin 2t

5

2
e−t sin 2t

−
1

2
e−t sin 2t e−t cos 2t −

1

2
e−t sin 2t



(ii) The transfer function 

Y(s)

U(s)
=  C [SI-A]-1 B

=  [1   1] 
s + 2 5
−1 s

1

s s+2 +5

1
1

= 
1

s s+2 +5
[1   1] 

S + 7
S − 1

= 
2S+6

s s+2 +5



Matlab
Find the transfer function using Matlab



Problem
Find the transfer function of a state model of a 
system  given by ,

ሶx = 
0 1 0
0 0 1
−1 −2 −3

X + 
0 0
1 0
0 1

u1
u2

and 
y1
y2

=  
1 0 0
0 0 1

X 



Solution

From the given system, 

A = 
0 1 0
0 0 1
−1 −2 −3

; B = 
0 0
1 0
0 1

;C = 
1 0 0
0 0 1

[sI-A] = s 
1 0 0
0 1 0
0 0 1

-
0 1 0
0 0 1
−1 −2 −3

= 
s −1 0
0 s −1
1 2 s + 3



∴ [sI-A]-1  =

(s + 2)(s + 1) s + 3 1
−1 s(s + 3) s
−s −(2s + 1) s2

1

s3+3s2+2s+1

The transfer function of the system is given by 

Y(s)

U(s)
=  C [SI-A]-1 B 

= 
1 0 0
0 0 1

(s + 2)(s + 1) s + 3 1
−1 s(s + 3) s
−s −(2s + 1) s2

1

s3+3s2+2s+1

0 0
1 0
0 1

= 
1 0 0
0 0 1

s + 3 1
s(s + 3) s

− 2s + 1 s2

1

s3+3s2+2s+1

= 
s + 3 1
− 2s + 1 s2

1

s3+3s2+2s+1



Matlab

Find the transfer function using Matlab



Problem

A linear time-invariant system is characterized 

by state equation 
ሶx1
ሶx2

= 
1 0
1 1

x1
x2

.  Compute 

the solution of the state equation , assuming the 

initial vector X0 = 
1
0



Solution

From the given system, A = 
1 0
1 1

The solution of state equation is,

X(t) = L-1 [sI-A]-1 X(0) + L-1 [SI-A]-1 B U(s)

Here U= 0

∴ X(t) = L-1 [sI-A]-1 X(0)

[sI – A] = s 
1 0
0 1

-
1 0
1 1

= 
s − 1 0
−1 s − 1

[sI-A]-1 = 
s − 1 0
1 s − 1

1

s−1 2



[sI-A]-1 = 
s − 1 0
1 s − 1

1

s−1 2

= 

1

s−1
0

1

s−1 2

1

s−1

X(t) = L-1 [sI-A]-1 X(0)

= L-1

1

s−1
0

1

s−1 2

1

s−1

1
0

= et 0
tet et

1
0

= et

tet



Solution of state equation (Time Domain) 
ሶx(t) = A x(t) + B u(t) X(0) = x0

ሶx(t) - A x(t) = B u(t)

pre-multiplying both sides by e−At

e−At[ ሶx(t) - A x(t)] = e−At B u(t)  ----------------(1)

Consider,  
𝑑

𝑑𝑡
{e−At x(t)}  = e−At ሶx(t) - A e−At x(t)] 

= e−At[ ሶx(t) - A x(t)] 

∴ equation (1) = 
𝑑

𝑑𝑡
{e−At x(t)} = e−At B u(t)

Integrating with respect to t

0׬
t d

dt
{e−At x(t)} dt = 0׬

t
[e−Aτ B u(τ)]dτ

e−At x(t) – x(0) = 0׬
𝑡
[e−Aτ B u(τ)]d𝜏



Pre-multiplying both sides by  eAt,

eAt [e−At x(t) – x(0)] = eAt[0׬
𝑡
e−Aτ B u(τ)d𝜏]

x(t) = eAt[x(0) + 0׬
t
e−Aτ B u(τ)dτ]

= eAt x(0) + 0׬
t
[eA(t−τ) B u(τ)]dτ

x(t) = ∅ t x(0) + 0׬
t
∅(t−τ) B u(τ) dτ

if the initial time is t = t0, the solution of state equation 
becomes,

x(t) =  ∅ t − t0 x(t0) + 0׬
t
∅(t−τ) B u(τ)dτ



Properties of state transition matrix

∅(t) = eAt = L-1 [sI-A]-1

1. ∅(0) = I

2. ∅-1(t) = ∅(-t)

3. ∅(t2-t1) ∅(t1-t0) = ∅(t2-t0) for any t2, t1, t0

4. [∅(t)]k =∅(kt)

5. ∅(t1+t2) = ∅(t1) ∅(t2) = ∅(t2) ∅(t1)



Problem
Compute the State transition matrix by infinite 

series method A = 
0 1

−1 −2
Solution: For the given system matrix A, the state 
transition matrix is,

∅ (t) = eAt = I + At + 
At 2

2!
+ 

At 3

3!
+------

A = 
0 1

−1 −2

A2 = A. A = 
0 1

−1 −2
.

0 1
−1 −2

= 
−1 −2
2 3

A3 = A2.A = 
−1 −2
2 3

.
0 1

−1 −2
= 

2 3
−3 −4



∅(t) = I + At + 
At 2

2!
+ 

At 3

3!
+---

= 
1 0
0 1

+  
0 1

−1 −2
t + 

−1 −2
2 3

t2

2!
+

2 3
−3 −4

t3

3!
+- -

= 
1 −

t2

2
+

t3

3
+⋯ t − t2+

t3

2
+⋯

−t + t2−
t3

2
+⋯ 1 − 2t +

3t2

2
+⋯

= e
−t + te−t te−t

−te−t e−t − te−t



Problem
Find the state transition matrix by infinite series 

method for the system matrix A = 
1 1
0 1

Solution: For the given system matrix A, the 
state transition matrix is,

∅ (t) = eAt = I + At + 
At 2

2!
+ 

At 3

3!
+------

A = 
1 1
0 1

A2 = A.A = 
1 1
0 1

.
1 1
0 1

= 
1 2
0 1



A3 = A2. A = 
1 2
0 1

.
1 1
0 1

= 
1 3
0 1

∅(t) = I + At + 
At 2

2!
+ 

At 3

3!
+ ---

= 
1 0
0 1

+ 
1 1
0 1

t + 
1 2
0 1

t2

2!
+ 

1 3
0 1

t3

3!
+ ---

= 
1 + t +

t2

2!
+

t3

3!
+⋯ t + t2 +

t3

2
+⋯

0 1 + t +
t2

2!
+

t3

3!
+. .

= e
t tet

0 et
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Use MATLAB, the Control System Toolbox, and the following statements to solve above Exercise 
A=[1 1 2
0 1 5
0 3 4]
B=[2;1;1]
Cm=ctrb(A,B)
Rank=rank(Cm)



Use MATLAB, the Control System Toolbox, and the following statements to solve above Exercise.
A=[2 1 3
0 2 1
7 8 9]
C=[4 6 8]
Om=obsv(A,C)
Rank=rank(Om)




























